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Abstract

We study the optimal biased design of dynamic multi-battle team contests, in which
two asymmetric teams compete over a series of battles with a majoritarian objective.
The designer can impose a treatment to bias each battle contest in order to max-
imize the expected aggregate effort. With full homogeneity, the optimal bias fully
balances each battle contest, i.e., players are equally likely to win a battle, regardless
of the previous outcomes. By introducing outcome-dependent heterogeneity, the his-
tory independence result collapses. Nevertheless, we propose a general program whose
solution yields the optimal outcome-dependent biases. In this case, we show that the
full-balance rule is no longer effort-maximizing generically, even when all players are
fully homogeneous. This indicates that outcome-dependent heterogeneity plays a cru-

cial role in determining the optimal biases of dynamic contests.
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1 Introduction

Sequential multi-battle contests are commonly observed in reality and have been exten-
sively studied in the literature[l] Some of the studies focus on multi-battle individual contests,
in which the same two players compete against each other over a series of confrontations ]
While others consider the setting of multi-battle team contests, in which players from two
teams form pairwise matches to compete head-to-head in their own battlesE] In this pa-
per, we examine how an effort-maximizing designer optimally biases a dynamic majoritarian
multi-battle team contest, which is a natural counterpart of the work by |Barbieri and Serena
(2022) who analyze the effort-maximizing biases in a dynamic multi-battle contest between

two individuals.

It is well understood that, in a single-round individual contest, the contest designer
can level the playing field to fuel the competition by favoring the weaker. However, to
what extent this insight can be extended to a dynamic contest between asymmetric teams
remains less clear[| In this paper, we attempt to shed light on the general question by
first considering a dynamic multi-battle team contest. In such a contest, two teams with
asymmetric valuations compete over N pairwise battles sequentially under the best-of-N rule,
where N can be any positive odd number. The designer can influence contestants’ relative
competitiveness in battles by imposing the multiplicative biases to rescale contestants’ effort
entries. Our research question is how an effort-maximizing designer optimally biases such a

dynamic multi-battle contest between two asymmetric teams.

A key feature of a dynamic setting is the observability of the history. As the contest
unfolds, previous outcomes become known to the public, which naturally leads to a greater

number of contingencies that must be taken into account. To capture this feature, we con-

IFor instance, in legislative elections, candidates from two major parties compete for legislative seats and
the party with a majority of the seats gains the control of legislature, e.g., Republicans and Democrats in
an election for the House of Representatives (see, e.g., [Snyder| (1989) and [Klumpp and Polborn| (2006)); In
sports between teams, the best-of-N rule is prevalent, i.e., the final winner is the one accumulating majority
battle wins, such as tennis matches and the National Basketball Association’s Finals playoff series (see, e.g.,
Ferrall and Smith| (1999) and Malueg and Yates| (2010))); In parent races, opponent research teams compete
and a team can patent an invention that consists of sufficient technological breakthroughs (see, e.g., Harris
and Vickers| (1987))), among others.

“See, for instance, [Konrad and Kovenock| (2009)), Feng and Lu (2018]), and [Klumpp, Konrad, and Solomon
(2019).

3See, for example, [Fu, Lu, and Pan| (2015)), [Hafner| (2017), Barbieri and Serenal (2019), and |[Feng, Jiao,
Kuang, and Lu (2023).

*In the literature review, we will provide a more detailed discussion of studies on optimal biases in dynamic
contests.



sider both homogeneous and heterogeneous cases. For homogeneous case, both the contest
technology and the choice of bias remain the same, regardless of the revealed outcomes. We
further allow that the contest technology and/or the bias can be contingent on the previ-
ous battle outcomes, which we refer to as outcome-dependent heterogeneity. For the sake
of generality, we adopt a generalized Tullock contest technology to model each battle, i.e.,
the discriminatory power r € [0, +00). A question naturally arises here: Whether the con-
ventional wisdom of levelling the playing field can be extended to such a dynamic contest

between two asymmetric teams in the presence of homogeneity/heterogeneity.

In our model, two teams containing an equal number of players compete over N pairwise
battles sequentially: each player of one team fights against his opponent from the rival team
in a battle, as a result, each player bears the effort cost of that battle only. Players are
homogeneous within a team in terms of their marginal effort costs. As battles are played
sequentially, players can observe the outcomes of previous battles, i.e., the state of contest
(n1,n2), where n; denotes the number of battle wins secured by team i. A best-of-N rule is
applied to determine the winning team, that is, the team accumulating a majority of battle
wins is rewarded with the final trophy. We assume that players within the same team value
the team’s win equally, which is equivalent to assume that the team’s prize would be divided
equally among its players. Our model is inherited from |Fu, Lu, and Panl (2015) but differ
from their setting in two aspects. First, we allow asymmetric teams, i.e., two teams can value
the final trophy differently. Second, this outcome-dependent heterogeneity is state-specific,

which directly causes the failure of history independence result ]

In an one-shot contest, the total effort put forth by players is determined by the their
valuations of winning, the contest technology, as well as the bias chosen. To analyze a
dynamic contest, we propose a recursive formula to track players’ incentives, i.e., their prize
spreads. As a by-product, we extend a key observation of [Fu, Lu, and Pan (2015) into an
asymmetric contest between two teams. That is, despite the paired players having different
prize spreads, they always have a common adjusted prize spread, regardless of the state of
the contest ] We then apply the recursive approach to determine the adjusted prize spreads
across the states, which enables us to characterize the expected total effort functions for
homogeneous/heterogeneous cases. On that basis, we derive the optimal biases in both

cases. In particular, we find that a player’s prize spread at a state is completely determined

"We will also discuss the differences in the literature review.
6Specifically, the adjusted prize spread equals a player’s prize spread divided by his team’s valuation of
winning the whole contest.



by the winning probabilities at attainable states in subsequent battles.

With homogeneous battles, the optimal bias completely counterbalances the asymmetry
between the paired players that is inherited from their teams. Put differently, the full-balance
rule—two paired players always have equal chance to win a battle—is effort-maximizing,
regardless of the previous outcomes and players’ prize spreads. This result echoes the existing
findings in the literature on biased design in one-shot contests: A level playing field would
maximize the competition. Our analysis shows that even though there is no loss to focus on
a single battle to characterize the optimal bias, the intuition is different: The optimal bias
not only intensifies the competition in each battle at a given state, but also maximizes the
likelihood of attaining a balanced state, e.g., (k, k) in a contest with N = 2k + 1 battles.

With outcome-dependent heterogeneity (i.e., contest technologies and /or biases can vary
with the revealed battle outcomes), it is worth to noting that history-independence result
collapses[] As a consequence, the conventional approach to compute total effort is no longer
applicable. To derive total effort in this case, we trace each possible history by introducing
two concepts, path and adjusted path. Path is utilized to compute the probability of attain-
ing a state, whereas adjust path is used to determine players’ incentives at possible states.
After characterizing the total effort function, we formulate a general multi-dimensional pro-
gram whose solution yields the optimal biases. This approach offers a practical method for
computing the optimal design numerically. We further simplify the general program into
a system of single-dimensional subproblems, which enables us to establish several useful
properties about the optimal biases. In particular, we prove that the full-balance rule is no
longer effort-maximizing generically in the presence of the outcome-dependent heterogene-
ity. In other words, by introducing state-specific heterogeneity (e.g., the contest technology
varies with the state), players in general do not have equal chance to win a battle under the
optimal design, even all players are fully homogeneous in terms of their marginal effort costs ]
Compared to the homogeneous case, the result implies that state-specific heterogeneity could

be a key factor in determining the optimal biases.

In dynamic team contests with outcome-dependent heterogeneity, the optimal biases

"History-independence result means that the outcomes of past battles do not distort the winning proba-
bilities in future battles. In particular, it requires that a team’s equilibrium probability of winning a battle
remains a constant regardless of the revealed state. However, when r varies with the state (n1,m2) and/or
« is allowed to be contingent on (ni,ns), the winning probability depends on both r and «, and therefore
the state.

8We sometimes also call outcome-dependent heterogeneity as state-specific heterogeneity, since state is
defined as the previous battle outcomes in our model.



should not only counterbalance the asymmetry between players, but also manage this het-
erogeneity over the states. Our result reveals that there is a trade-off in achieving the two
goals, since full-balance rule completely eliminates the asymmetry of each battle contest but
remains suboptimal in eliciting efforts in the presence of the outcome-dependent heterogene-
ity. This further indicates that outcome-dependent heterogeneity that is not displayed in an

one-shot contest could be crucial in affecting the optimal biased design of a dynamic contest.

A 3-battle Example: To see how this outcome-dependent heterogeneity impacts on the
design of the optimal biases, consider a 3-battle contest between two symmetric teams, as-
suming that players are fully homogeneous. We introduce outcome-dependent heterogeneity
in the following way: The second battle would be an all-pay contest if team A wins a battle;
a lottery contest is applied for all other remaining states/battles. Equivalently, r(1,0) = +o0
and 7(0,0) = r(0,1) = r(1,1) = 1. In this example, it is optimal to favor team A tremen-
dously in the first battle (i.e., «(0,0) = +00) so that the contest would certainly move to
an all-pay contest in the second battle, in which two players would be treated equally, i.e.,
a(1,0) = 1. To further intensify the competition, the designer should favor team B as much
as possible in third battle when there is a tie (i.e., a(1,1) = 0), as it would incentivize team
A in the second battle, which is an all-pay contest. Applying the aforementioned biases
(a(0,0) = +o0, (1,0) = 1, a(1,1) = 0, and «(0,1) can be any positive value), the team
contest boils down to an individual contest wherein two players compete against each other
in a symmetric all-pay contest, which yields the greatest effort. More generally, we resort to

the general program to search for the optimal biases.

Related literature: This paper belongs to the interaction of three streams of literature:

dynamic contests, group contests, and the design of biased contests.

On dynamic contest, a stream of literature focuses on the competition between two indi-
viduals wherein the same two players sequentially interact in all battles, including [Harris and
Vickers (1987), |Snyder| (1989)), |[Ferrall and Smith! (1999), Klumpp and Polborn| (2006]), Kon-
rad and Kovenock| (2009), McFall, Knoeber, and Thurman| (2009), Malueg and Yates| (2010,
Selal (2011)), \Gelder| (2014)), |Gelder and Kovenock (2017)), |Klumpp, Konrad, and Solomon
(2019), and |Gauriot and Page| (2019)), among othersﬂ Many of those works consider majori-
tarian multi-battle individual contests and identify the strategic momentum /discouragement
effect in their settings, i.e., an initial lead incentivizes an early winner but discourages an

early loser in subsequent battles. In particular, Klumpp, Konrad, and Solomon (2019)) ex-

90ther papers focus on prize designs in dynamic contests between individual players, including [Feng and
Lu/ (2018); Jiang (2018]); [Sela and Tsahi| (2020)); and |Clark and Nilssen| (2020)), among others.



amine the sequential majoritarian Blotto contest, in which the same two players sequentially
interact in a series of battles with an arbitrary odd length. While our paper focuses on
the sequential majoritarian team contests with arbitrary odd battles wherein players of two

teams form pairwise matches to compete head-to-head in their own battles.

Our paper is also related to the literature on group/team contests. Many studies model

the team competition by using an index to represent players’ efforts within a team (e.g.,

aggregating players’ efforts), including Baik, Kim, and Na| (2001)), Barbieri, Malueg, and|
'Topolyan| (2014), [ Topolyan| (2014), |Chowdhury, Lee, and Topolyan! (2016)), [Eliaz and Wul
(2018)), |Crutzen, Flamand, and Sahuguet| (2020)), Fu and Lu/ (2020)), Arbatskaya and Kon-

(2021), and [Cubel and Sanchez-Pages| (2022), etc[!] While we consider a best-of-N
team contest with pairwise battles, in which battles are played sequentially and the final

trophy is determined by a team’s number of battle wins. The multi-battle team contest
is a natural counterpart of multi-battle individual contest. More importantly, the momen-
tum/discouragement effect that prevails in dynamic multi-battle individual contests does
not exist in multi-battle team contests. This allows us to better understand the role of the

momentum/discouragement effect in affecting the optimal biases of dynamic contests.

Our team contest model is built on [Fu, Lu, and Pan/ (2015)) and analyzed later by
(2017), Barbieri and Serenal (2019), [Feng, Jiao, Kuang, and Lul (2023) among others[’"| In

terms of model setup, we differ from the aforementioned studies in two aspects. First,

we allow asymmetric teams, as a result, two matched players no longer equally value the
win of a battleH Even though, we establish that paired players always have the same
adjusted value of winning a battleH Second, with outcome-dependent heterogeneity, the
history independence result no longer holds. This is because when the biases and/or contest
technology vary with the state of the contest, the observability of the history plays a role in
affecting players’ incentives.

The biased design has been extensively studied in the setting of static contests, see, e.g.,
and Yu (2012), Franke, Kanzow, Leininger, and Schwartz (2013)), Drugov and Ryvkin| (2017)),
Franke, Kanzow, Leininger, and Schwartz| (2014)), Franke, Leininger, and Wasser| (2018)),

10Many of these works also assume that a team’s trophy is a public good among its team players.

MHifner| (2017) considers a tug-of-war team contest, Barbieri and Serena (2019) examine the temporal
structure by focusing on the winner’s effort, and [Feng, Jiao, Kuang, and Lu| (2023) analyse the optimal prize
allocation rule.

'?As a consequence, Theorem 1 of [Fu, Lu, and Pan| (2015]) is no longer applicable in our model.

The adjusted value equals a player’s prize spread divided by his team’s value of winning the whole
icontest. We will formally introduce the concept in Definition [5| |




and Wu| (2020), Deng, Fu, and Wu (2021)) among others.EI Franke, Leininger, and Wasser
(2018) and [Fu and Wu/ (2020) consider both additive headstarts and multiplicative biases in
static contests with multiple individual players. In particular, |Fu and Wul (2020) show that
the contest designer does not benefit from giving headstarts to contestants. In contrast to

these works, we consider a dynamic setting.

There also exist studies concerning biases in dynamic contests, including [Meyer| (1991)),
Meyer| (1992), [Ederer] (2010), etc[”’| For instance, Meyer| (1991)) consider a multi-stage setting
wherein two players compete for a single prize and establishes the result of “favor-the-lead”,
i.e., the optimal final-period bias is in the favor of the leader. In a two-stage setting, |Clark,
Nilssen, and Sand| (2012), Moller (2012), |Bevid and Corchén| (2013), Esteve-Gonzalez (2016)),
and Klein and Schmutzler| (2017) consider a competition between two individuals in which
the first-stage winner is awarded an advantage status in the second-stage competition[T|
Fu and Wu (2022) consider a two-stage elimination contest, in which the organizer can
bias the second-stage competition based on finalists’ interim rankings. Barbieri and Serena
(2022) study a best-of-three contest between two ex-ante symmetric individuals and consider
both the victory-dependent biases and victory-independent biases, which are called outcome-
dependent and outcome-independent biases in our context, respectively[] We differ from
these studies by considering dynamic team contests with pairwise battles. The convenience
of the setting allow us to consider arbitrary odd battles, generalized Tullock contest technolo-
gies, and outcome-dependent heterogeneity, i.e., the biases and/or the contest technologies

can vary with the state of the contest.

Our work complements Barbieri and Serenal (2022). They study the optimal biases of
a dynamic multi-battle individual contest wherein the same two ex ante symmetric players
compete against each other in all battlesfr_g] An important feature of multi-battle individual

contests is the momentum/discouragement effect, which is absent in multi-battle team con-

4While many other studies focus on the (additive) headstart, e.g., Clark and Riis| (2000)), Konrad| (2002),
Siegel (2009), |[Kirkegaard| (2012), and |Siegel| (2014)).

PlEderer| (2010) examines the feedback policy in a two-stage contest and consider one case wherein the
agent’s production function takes the multiplicative form.

16Ridlon and Shin| (2013) show that if employees’ abilities are sufficiently different, favoring the first-period
loser in the second period increases the total effort over both periods. However, if abilities are sufficiently
similar, total effort increases the most in response to a handicapping strategy of favoring the first-period
winner.

Feng and Lu| (2018) focus on the optimal prize allocation in a best-of-three individual contest.

18Barbieri and Serenal (2022) additionally consider winner’s effort maximization, while we focus on total
effort maximization by allowing arbitrary odd battles and outcome-dependent heterogeneity.



testsF_gI Comparing to Barbieri and Serena (2022), we further confirm that the momentum
effect plays a role in designing the effort-maximizing biases in dynamic contests: Barbieri
and Serena| (2022) show that the optimal victory-independent biases do not leave players
equally likely to win the overall contest, due to momentum effect. In contrast, with homo-
geneous battles, we prove that two matched players always have the same chance to win
each battle under the optimal design, and therefore two teams are equally likely to win the
whole contest. Moreover, by allowing the biases and/or the contest technologies vary with
the state of the contest, we find that this state-specific heterogeneity could also be a key
factor in determining the optimal biases. This kind of heterogeneity is not displayed in static

contests and many dynamic contests with homogeneous battles.

The remainder of this paper is organized as follows. In Section [2, we introduce the basic
contest model. In Section [3, we study an one-shot contest and consider 3-battle and 5-battle
contests as examples. In Section [dl we analyze a general dynamic contest between two teams
with N = 2k + 1 pairwise battles. Specifically, in Section [4.1} we characterize the effort-
maximizing bias explicitly for homogeneous case. In Section 4.2 when outcome-dependent
heterogeneity is introduced, we offer a general program to search for the optimal vector of
biases. On that basis, we establish several useful properties of the effort-maximizing biases.

Section [5] provides discussions and concludes.

2 Model

Consider two teams, indexed by A and B, compete in a contest with N = 2k + 1 pairwise
battles, where k € Z*. Each team consists of 2k + 1 risk-neutral players. Players from
opposing teams are paired up and compete against each other in their own individual battles.
This means that each player only participates and fights in his own battle. We denote player
A(t) (resp. B(t)) as the one assigned by team A (resp. B) in battle ¢t € {1,...,2k + 1}.
The overall outcome of the whole contest is determined by the results of individual battles
through majority rule, i.e., a team wins the final trophy if and only if it secures at least £+ 1
battle wins ]

Denote team A’s valuation (B’s valuation) from winning the whole contest by v4 (resp.

197¢ is shown in |[Fu, Lu, and Pan| (2015) that the momentum /discouragement effect is absent in a multi-
battle team contest with symmetric teams.

20The majority rule is popular in both theory and practice, e.g., Klumpp and Polborn| (2006), Klumpp,
Konrad, and Solomon| (2019)), Barbieri and Serenal (2022)), and [Feng, Jiao, Kuang, and Lu| (2023), etc.



vp). Throughout the paper, we assume that the team prize is a public good, i.e., all players
within the same team value the team prize equally. It is equivalent to assume that the team
prize will be divided equally among its team players. We model each component battle as a
Tullock contest with an arbitrary r € (0, —l—oo]m

We assume that the 2k + 1 disjoint battlefields are played successively. To track the
history of battle outcomes, we denote (n1,n5) the state of contest, where n; is the number of
battle wins secured by team A and ns is the number of battle wins secured by team B. At
state (ni1,ns), player A(t)’s (resp. B(t)) valuation of winning battle ¢ is Aua(nq,n2) (resp.

Aug(ni,ns)), where t = ny + ng + 1.

3 Analysis

We begin our analysis by considering a battle contest. In an arbitrary battle ¢, two
players A(t) and B(t) compete in a biased Tullock contest. Specifically, player A(t)’s winning
probability is given by pa) = Ty 4y / (axg(t) + 2 t)> if at least one player spends positive
effort. Player A(t)’s (resp. B(t)) valuation of winning battle ¢ is Auy (resp. Aug). We
assume unity effort cost. Player A(t) chooses effort x4 to maximize

axg(t)

ﬁAUA — xA(t)-
ATy T T

Likewise, player B(t) chooses effort xp() to maximize

aj’f’
— P Aup — v,
ATy + Thu)
Suppose that Auaw)/va = Aupw/ve, where vy and vp are exogenously given@ We
denote
Au = Aus/vs = Aug/vp.

In the following property, we show that the sum of the expected efforts in battle ¢ is always

proportional to the adjusted valuation of winning battle ¢, Auw.

2'We will allow r to be contingent on the state in our general analysis.
22We establish that Auyy/va = Aup/vp in dynamic team contests with pairwise battles in Lemma



Property 1. In battle t, the expected effort from both players equals
E[$A+[EB] - 5(UA7UB7Q7T) Au? (1)

where 5 (va,vp, o, ) only depends onva, v, o, 1, rather than the players’ prize spreads, Auy

and Aug.

Proof. To prove the property, we derive the players’ equilibrium effort. To do so, we trans-
form the biased Tullock contest into a non-biased one by adjusting player A(¢)’s valuation.
The equilibrium strategies in the later game are summarized in Lemma 1 in Feng and Lu
(2018). The proof details and the analytical derivation of 5 (va,vp, «, ) are provided in the
appendix. O

For r € (0, +00), when o'/"Auy > Aug, i.e., a'/"vy > vp,

rav’ v . ~
(avzﬂg)g (va +vs) itors T(QI/TBUA)’
1 ) —~ v
B (va,vp,a,r) = ()H(1— 1) (1 v —i) it re (F(-E-).2,
S (1 + Z—i) UB it  re(2,+00);
when Aug > o'/"Auy, ie., vg > a/Tuy,
ravivp if <7 allmy,
W(UA+UB) 1 T s T(—UB ),
1 r v : ~ral/my
Bva,vp,a,r) = ¢ ()7 (1= a7 (1+ —) va i r € (F(*),2),
a;/r (1 + 32 ) va it re (2 +00).
For r = 400, when avy > wvg, [ (va,vp,a,r) = i <1+Z—§> vp; when vg > awy,

B (va,vp,a,r) =% (1 + Z—;‘) VA.

Property [1] says that the total effort exerted in each battle is proportional to the adjusted
prize spread Au. Given an arbitrary r € (0,+400), it follows from the characterization of
B (va,vp,a,r) that the sum of efforts in a one-shot contest is maximized when Aup =
a'/"Auy, which implies that the optimal bias in battle ¢ is o* = (Aug/Aus)" = (v/va)"
using the definition Au := Auy/va = Aup/vp. Analogously, given r = +oo, the sum of

efforts is maximized when a* = vp/v4. We summarize the result in the following.

10



Lemma 1. In a single battle, the effort-mazimizing bias is &f,. g0 (7) = { (vs/va)" fo € (0, 400)
vp/va, if 1 =+o00

To move on to a dynamic contest, we introduce the following notations. We use V4(n1,n2)

(resp. Vp(ni1,m2)) to denote the continuation value of team A (resp. team B) at state

(n1,mn2). At state (n1,n9), player A(t)’s effective prize spreads of winning the current battle

is Auy(ny,ng) = Va(ny + 1,n2) — Va(ny,ne + 1) and player B(t)’s effective prize spreads of

winning this battle is Aug(ni,n2) = Vg(ni,ne + 1) — Vg(ny + 1,ny). Given players’ prize

spreads Auy(ny, ny) and Aug(ng,ny), we compute their equilibrium efforts in this battle at

state (n1,m2) using Property . Equipped with the notations, we analyze a best-of-three

contest between two teams in the following.

Example 1. A Best-of-three Team Contest

Consider a 3-battle team contest, i.e., k = 1, each battle is modelled as a Tullock contest
with 7 € (0,1]P% If battles are homogeneous, i.e., @ and r are the same across the state

(n1,ns2), the resulting total effort equals

arvvy (va + vp)
(av’y + v})?

Y

TEHomo,kzl (OZ, T) = GPAPB

-
OZ”UA
T '
QUATUR

'
Up

where pPa = and PB = m

Proof. We solve the game backwards. For that, we compute players’ effective prize spreads
and their equilibrium efforts at each possible state (1,1), (1,0), (0,1), (0,0) as well as the
probability of each state, respectively. The expected aggregate effort equals the weighted
sum of the efforts at these states. Calculation details are relegated to subsection in the
appendix. O

More generally, when outcome-dependent heterogeneity is introduced, i.e., r can differ
across the state (n1,ny) and/or « is allowed to be contingent on (nq,ns3). For r(ni, ny) €

(0, 1], the resulting total effort equals

TEyete=1(a,r) = [pa(1,0)ps(1,1) +pp(0,1)pa(1,1)] 3(0,0)

+p4(0,0)pp(1,1)5(1,0) + pp(0,0)pa(1,1)5(0,1)

ZIn our general analysis, 7 can be any value within (0, +o0].

11



+[pA<Oa 0)pB(17 0) +pB(0a O>pA(O7 1)]6 (17 1) )

r(n1,m2) r(n1,ng) r(ny,ng)
a(ni,ne)v, A v

ra(ni,n2)v
r(ni,ng) r(ng,ng) and 6 (n17 n2) =
A tup

(avjf"l’"?) +UTB(n1m2))2

where pa(ni,ng) = (va +vp).

a(ni,n2)v

Proof. We characterize the subgame perfect equilibrium of this 3-battle contest by backward

induction. Details are relegated to subsection [5.3|in the appendix. O

We next analyze a best-of-five team contest, i.e., k = 2.

Example 2. A Best-of-five Team Contest

Consider a team contest with 5 pairwise battles. The winning team is the team with at

least three wins.

(i) With homogeneous battles, when each battle is modelled as a Tullock contest with

r € (0, 1], the expected aggregate effort equals

arvhvy (va +vp)
T Eromones(c, 1) = 30p%p%, —AL
Homo,k=2(Ct, ) PADPB (', + vly)?

)

T

B
T YA
ch—H)B

av’)
where py = A quB and pp =

(ii) With outcome-dependent heterogeneity, when r(ny, ng) can be any value within (0, 1],
the expected aggregate effort equals

TEpeter—2(c,r) = TE(0,0)
+p4(0,0)TE(1,0) + pp(0,0)TE(0,1)
+P(2,0)TE(2,0) + P(0,2)TE(0,2) + P(1,1)TE(1,1)
+P(2,1)TE(2,1) + P(1,2)TE(1,2)

+P(2,2)TE(2,2),

where

pa(1,0)pa(2,0)p5(2,1)pp(2,2) + pa(1,0)ps(1, 1)pa(2,1)ps(2,2)
TE<Oa 0) = +pA(17 0)pB(1a 1)pB(17 Q)pA(Zv 2) +pB(O7 l)pA(lv 1)pA(27 1)pB(27 2) 6 (07 0) )
+p5(0,1)pa(1,1)pp(1,2)pa(2,2) + pp(0,1)ps(0,2)pa(1, 2)pa(2,2)
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TE(LO) _ pA(270)pB(271>pB(272) +pB(171)pA(271)pB(272) 5(1’0);

+pB(17 1)pB(1> 2)pA(27 2)

| pa(L,1)pa(2,1)pp(2,2) + pa(1, 1)pp(1,2)pa(2,2) .
TE(0,1) = (0. 2)pa(L, Dpa(2.2) 5(0,1);

TE(2, 0) = pB(zv 1)pB(27 2)& (27 O) ;

TE(0,2) = pa(1,2)pa(2,2)8(0,2);

TEM,1) = (pa(2,1)ps(2,2) +ps(1,2)pa(2,2)) 6 (1,1);
TE(2,1) = pp(2,2)8(2,1);

TE(L2) = pa(2,2)5(1,2);

TE(2,2) = ((2,2),

and P(ni,ny) is the probability of reaching the state (ni,ny) from (0,0). For example,
P(Z,O) = pA(OaO)pA(LO)a P(O,Z) = pB(an)pB(O’1)7 and P(]-)l) = pA(0,0)pB(l,O) +
pB(Ov 0)pA<Oa 1)'@

Proof. We characterize the subgame perfect equilibrium by backward induction. Details are
relegated to subsections [5.4] and [5.5]in the appendix. O

When k = 1, 2, we derive the expressions of T'Epomox(c,7) and T Egere (e, 1) for r €
(0, 1] in Examples 1 and 2, respectively. Our examples reveal two difficulties in characterizing
the optimal biases that maximize the expected aggregate effort for general cases. First, it is
not an easy task to derive the explicit formulas of T Eyomor(a, ) and T Epee p(cx, 1) for a
general k and an arbitrarily given r € (0, +00]. Solving for such a contest with 2k + 1 battles
requires tracking players’ incentives, computing their equilibrium efforts along each possible
path, and determining the probability of each path. Consequently, the computation steps
are inevitably long for a large k| Second, given that the expression of the aggregate effort is
sufficiently complicated, e.g., T Egete p—2(a¢, r) in Example (ii), it is challenging to establish
a general property of the optimal biases. Despite of the difficulties, we characterize the

expected aggregate effort, identify the optimal bias for homogeneous case, and derive several

24We will formally introduce Definition [3[in Section 4.2 to compute P(n1,ns2) for general cases.
25Gee, for example, the proof of Example 2 in Section [5.5[in the appendix.
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useful properties of the optimal outcome-dependent biases in the presence of heterogeneity
in Section

4 General Analysis for 2k+1 Battles

In this section, we consider a general dynamic contest between two teams with 2k + 1
pairwise battles, where k can be any positive integer. A team wins if and only if it wins at
least k4 1 out of 2k 4 1 battles. To solve the expeced aggregate effort for such a contest, we
compute players’ equilibrium efforts at each possible state as well as the probability of each
state. The solution concept is subgame perfect equilibrium. We will solve the contest game

backwards.

To compute players’ efforts, we track players’ incentives. Specifically, we will compute
their prize spreads at each possible state (n1,m2) € S, where S is defined as an collection

containing all possible states:

S = {(n1,n2)|0 <ny,ne < k+1, and ny +ny < 2k + 1}. (2)

We further define the following set & C S as the collection of all ending nodes:
E:={(n,n9)lni =k +1and 0 <n; <k—1}.

A player’s prize spread of winning battle t = ny + ny + 1 equals zero at an ending node, i.e.,
Auy(ny,ng) = 0 and Aug(ny, ny) = 0 at each (n1,n2) € E. This is because ny = k+1 (resp.
ne = k + 1) means that team A (resp. team B) wins the entire contest by accumulating a

majority number of battle wins.

At (k, k), it is straightforward to check Aua(k, k) = vy and Aug(k, k) = vp. For other
remaining states, we define GG as the collection of all possible states excluding the ending
nodes E and (k, k). Specifically,

G:=S/(EU (k,k)) ={(n1,na)|ni,na € Z,0 < mny,ng <k, and ny +ny <2k — 1}.

The collection of all possible states S can be partitioned into the collections E, {(k, k)},
and G, i.e., S = EU{(k,k)} UG. For each (n1,n2) € G, we now provide the following

recursive formula to compute the players’ prize spreads.
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Lemma 2. For (ny,ns) € G, players’ effective prize spreads obey the following relation:

Aug(ni,ng) = palng +1,n9)Aua(ny + 1,n9) + pg(ng, ne + 1)Aua(ng, ng + 1);

Aug(ni,ne) = pa(ny + 1,n2)Aug(ng + 1,n2) + pp(ni,na + 1)Aug(ny,ne +1).  (3)

Proof. Consider state (ni,ny) such that ny,ny < k — 1, we prove the result in the following.

Auy(ny, ng)
= Va(ni+1,n2) — Va(ny,ne + 1)

pa(ny + 1,n9)Va(ny +2,n9) + pp(ng + 1,n2)Va(ny + 1,n9 + 1)
—pa(ni,no + 1)Va(ny + 1,10 + 1) — pp(n1,ng + 1)Va(ny, no + 2)

VA(TLl + 1,722 + 1) +pA(7L1 -+ 1, TLQ) (VA<TL1 -+ 2, ng) — VA(nl + 1,%2 + 1))
—Va(ni, ng +2) — pa(ni,ng +1) (Va(ny + 1,02 + 1) — Va(n, ng + 2))

= Aua(ni,ng + 1) +pa(ng + 1,n9)Aua(ng + 1,n2) — pa(ni, ne + 1)Aug(ng, ng + 1)

= pa(ny + 1,n2)Aua(ng + 1,n2) + pp(ng, ng + 1)Aua(ng, ng + 1).

We complete the proof by proving the result for remaining cases. The details are relegated

into the appendix. O

Lemma 3. For any (ny,n2) such that ny,ny < k, we have

Auy(ny,ng)/va = Aug(ni,ne)/vp. (4)

Proof. At (k, k), Aua(k, k) = v4 and Aug(k, k) = vp, and the formula holds automatically.
We prove the lemma by mathematical induction. For (nj,ns) such that ny,ny < k — 1,
suppose that the lemma holds for (n; + 1,n9) and (ny,ng + 1), it suffices to show that the

lemma holds for (n1,ns), which is true, since

Aug(ni,ng) = pa(ng + 1,n9)Aus(ny + 1,n9) + pg(ng, ng + 1)Aua(ng, ng + 1);
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Aup(ny,ng) = pa(ni+1,n2)Aup(ng + 1,n2) + pa(ny, ng + 1)Aug(ng, ny + 1),
using Lemma [2. Details are provided in the appendix. O]

By Lemma [3] two matched players always share a common adjusted prize spread across
the states while its value may vary with the state. This result extends a key observation
of Fu, Lu, and Pan (2015) into an asymmetric contest between two teams. Assuming that
two teams value the final trophy equally, i.e., v4 = vg = 1, Fu, Lu, and Pan (2015) show
that two matched players always have a common value of winning a battle, regardless of
the state. In contrast, we allow two teams to value the trophy differently, as a result, two
matched players have different valuations of winning a battle. Nevertheless, we reveal that
two matched players’ valuations must obey , i.e., they always have a common adjusted
prize spread, which suffices to capture players’ incentives. We formally introduce the notation

of the adjusted prize spread in the following.

Definition 1. (Common Adjusted Prize Spread) Define the adjusted prize spread at a state
(n1,n2) as
Au(ny,ng) := Aug(ny,ng)/va = Aug(ng, ns)/vp. (5)

From and Property (1| one can easily solve for players’ equilibrium efforts at an
arbitrary state (ni,ns), given the adjusted prize spread Au(ni,ns). Up to now, we have
discussed how to simplify the way to solve players’ equilibrium effort in a battle at each
possible state (ny,n2) € S. To derive the expected aggregate effort, it remains to derive the
winning probability of each battle at each possible state. We therefore present the following

result.

Lemma 4. For any (ni,ns) such that ny,ny < k, player A(t)’s winning probability of a

16



battle is solely determined by va,vg,a(ny,ng),r(ny, n)

(

a(nl,ng)vz(nl’ny

r(ni,ng) r(ny,ng)?
A +vp

a(ni,n2)v

a(ny ,nz)vz(nl m2)

r(ny,mg) | r(ny,ng)?
A tup

a(ni,n2)v

/r v
1- (1 - %) (r%l)l [a(m,nz)]lﬁ("l’"wvfl’

pA(TL1,TL2) = (1 . l) (L)l/r [a(n1,n2)] /71 72)y

r r—1 VB ?

1-1

vB
2 [a(n17n2)]1/r(n1m2)v14 ’

1 [a(nl,nQ)}l/T(nLnQ)vA
2 v )

1—-1__ v
2 a(ni,n2)va’

1 a(n1,n2)va

2 B ’

. More precisely,

if r € (0,7(
and [Oz(nl,ng)]lﬁ("lm) Vg > UB;
~/ [a(n1,ng)]/m(M1m2)y
if 7 € (0, (et )

vp
1/r(n1,n2) VA

e )]
[a(nl,ng)}l/r("l’"2)v,4

and v > [a(ng, ng)]

Zf?“ E (?( [O‘(n17n2)fl)/Br(n1,n2)vA)’ 2]

and [a(ny, n2)]1/r(n1,n2) V4> Up;
~ [a(nano)]/T(M1m2)y

if r € (F(latmmll e o)

and vg > [a(nl,ng)]l/r("l’m) VA

if r € (2, +00)
1/r(n1,n2)

)

and [a(nlan2)]
ifr e (2, —{—oo)
and vg > [a(nl,n2)]1/r(”m2) va.

if r = 400 and a(ny,ng)vs > vp;

VA Z UB;

if r = 400 and vg > a(ny, na)va.

At state (nq,n2), player A(t)’s probability of winning this battle ¢ is pa(ni,ns), which
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equals

( : o Aup(ni,ng)
a(n1,nz)[AuA(nlynQ)}r(nlynz) ifre (0, T<a(n1,n2])3AulA(Zl,n2))] and
a(n1,n2)[Aua(n1,n2)] L2 HAup (n1,n,)] 172 [a(ny, n2)]Y" ™) Aug(ng, ne) > Aug(ny, na);
a(ni,n2)Au(ni,n)
u(my.nz)[ A (1 o)1) if r e (0,7 (R )] and
a(n1.ma)[Aua (na,n2)] "2+ Aup (na ma)] ") Aup(n,ng) > [a(ng,na)]"" "™ Aug(ng, no);
: Aup(ni,ng)
Lo (1 1) (2" St 7 e (Bt ). o) and
r r—1 [a(ni,n )]1/T(n1’n2)Au (n1,m2)’ l/r(nl,ng)
L2 atm, [a(ny, n2)] Aua(ng,ng) > Aug(ni,n
1/7r(n1,n9) ifr I~ ( ([a(n17”2)]1/r(n1 7LQ)AUA (n1,n2) ) 2] and
(1 o l) (L)l/r [C‘l(nl,”2)]A 2 AUA(”MW)’ Aup(ni,ng) )
r r—1 up(ni,ng) AUB(nly n2) Z [a(nl’ n2)]1/r(n1,n2 AUA(?’Ll, 712)
1_1 Aug(ni,ng) if r € (2, +00) and
2 [a(n1,m2)] /""" Aug (n1,m2) [a(n, nz)]l/T(mm) Aug(ni,ng) > Aup(ng, ng);
1 [a(nl7TL2)]1/’"(”1’"Q)AuA(nl,ng) if r c (2’ —|—OO) and
2 AUB(nl,TIQ) ) A’LLB(’)’Ll, ’)’Lz) Z [a(nl’ nz)]l/r(nl,ng) AUA(’]’Ll, n2).
1 _ 1 Aup(nina) if r = 400 and
2 a(n1,n2)Aua(ni,ne)’ a(nl, ng)AUA<Tl1, n2> > AU,B (nl, n2);
1 a(n1,n2) Auy(n1,nz) if r = 400 and
\ 2 Aupg(ni,ng) ) AUB<TL1,TLQ) > a(n17n2)AuA(n1’n2)_

implies that Aw;(nq,n2) = Au(ny, no)v; for i € {A, B}. The lemma thus follows.

Lemma 4| shows that how the equilibrium winning likelihoods (pa(ni,ns), ps(ni,n2))
depend on the state-specific characteristics, a(nq,n2) and r(ny,ns), where pg(ny,ny) =1 —
pa(ni,n2), given the ratio of v4/vp. As aresult, the outcome-dependent heterogeneity would

directly lead to the failure of the history independence result in team contests@

By and , we rewrite the recursive formula in Lemma [2| as
Au(ni, nz) = pa(ni + 1,n2)Au(ny + 1,n2) + pp(ni, ne + 1) Au(ny, ny + 1), (6)

where pa(ni +1,n9) and pg(ny,na+1) =1 — pa(ny,ny+ 1) are given by Lemma We will
rely on the formula @ to derive the expected total effort in the following analysis.

20Fu, Lu, and Pan (2015) eastablish the history independence result in an unbiased team contest. Note that
the result of history independence holds for a biased team contest with homogeneous battles, but collapses
in the presence of outcome-dependent heterogeneity.
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4.1 Homogeneous Case

If @ and r are the same across the state (n1,n2), p := pa(n1,n2) must remain the same

across the state using Lemma [4 and therefore the expected total effort can be simplified as

TEHomo,k<05> 7’) = Z CgllJrng " (1 - p>n2 E(nla Tl2), (7)
(n1,n2)€ES/E

where E(ny,ns) is the expected effort from the paired players in a battle at state (nq, ns).

Proposition 1. The total effort function in (7) equals

TE tomo(a,7) = (2k + 1)Chp" (1 — p)* B(va, vp, a,7), (8)
where the total number of battles is 2k+1 and B(va,vp,a,r) is given by Property .

Proof. By (B)) and Property [1} we first rewrite TE po0.x(c, 7) in (7)) as

TEHomo = Z le+n2p (1 - p)n2 E(?’Ll, n2)
(n1,m2)€S/E

= Z C77L111+n2 1 _p) ﬁ(/UA,’UB,C(,T)Au(nl,TLQ)-

(n1,m2)

To simplify the calculation, we show two useful results in the following two steps. In
Step 1, we prove Au(ny,ng) = v(ny, ng)pF~™ (1 —p)* ™. In Step 2, we show that C¥, =
> i tmgt Critny¥(n1,m2) holds for any ¢ € {1,2,...,2k}. Combining the results, we have

TEHOHIO - Z Cn1+n2p (1 - p)n2 6(/0147 UB, &, T)Au(nla TLQ)

(nlvnQ)

= Y On(na,ne)B(va, vp,a,r)pt (1= p)*

(n1,m2)

- Z Z 1+n2ry nth)ﬁ(UA,UB,Oé,T)pk (1 _p)k

t=1 ni+no=t

= Z Cgk/B(UAa U, &, T)pk (1 - p)k
t=1
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= (2k+ 1)02kp ( p)kﬂ(UA,UB,Ot,T).
The details are relegated into the appendix. O]

We now formally describe the problem as follows. With homogeneous battles, given

€ (0, +oc], the optimal bias « solves the following program:

Promo := max TEgomor(a,r). (9)
a€[0,+00)
Theorem 1. With homogeneous battles, the optimal bias that maximizes the expected aggre-

gate effort TEgomor(cv, ) in (1) is o = o, gpor (1)

Proof. The optimal bias a* solves the program in @ Recall in Proposition , TEtomor(c, ) =
(2k+1)Ch p* (1 — p)k 3. Tt then suffices to maximize p* (1 — p)k B(va, vp, a, 1) by choosing a

€ [0, 400). On one hand, ag . ... (7) maximizes 5(va, vg, a, 1) for any given r € (0, 400].
This is because 3 is maximized when Aup = a'/"Auy, ie., a = (vg/va)" for r € (0, +00)
and when Aup = aAuy, ie., @ = vg/vs for r = +00. On the other hand, p* (1 —p)k or
p (1 —p) is maximized when p = 1/2, which holds true when o = o, 4.0 (7). Therefore,

O peshot () 1s the optimal bias. O

Compare to Lemmall], we conclude that there is no loss to search for the effort-maximizing
bias of a single battle when all battles are homogeneous. Nevertheless, the intuition can be
different: From the proof of Theorem [I], the bias ag),, 4., Mmaximizes not only the effort in
each battle, but also C% p* (1 — p)*, the probability of reaching the state (k,k), at which
competition is the fiercest. Recall that the contest quits whenever a team accumulates k + 1
wins. Certeris paribus, the more battles are played, the greater effort the designer could
elicit.

4.2 Heterogeneous Case

For the sake of generality, we allow outcome-dependent heterogeneity in this subsection,
which means that r can vary with the state (ny,ny) and/or « is allowed to be contingent on
(n1,n2). Due to the failure of history independence result, we have to trace the history of
battle outcomes in this case, as players’ efforts depend on the path of history. For that, we

define path g as a sequence of the ordered nodes, i.e., g = {(n},nd), ..., (ni,nh), ..., (n¥, nl)},
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where (nt,nb) € S,Vt € {1,...,T}. Recall that S defined in (2)) is an collection containing all

possible states. On this basis, we introduce the definition of a feasible path in the following.

Definition 2. (Feasible Path) A path g = {(nl,nd), .., (n},nb), (™, nk™), .. (nT,nl)} is
feasible if (n'™1, nkt) equals either (n}+1,nb) or (n},nb+1),Vt € {1,...,T}, where T < k+1.

Denote G((s1, 32), (e1,€2)) as a collection of all feasible paths starting from (s1, s2) to (eq, e2).

The feasiblity constraints basically require an uninterrupted description of the battle
history: each state (n},nk) reaches either (n} + 1,n%) or (n},nk + 1) after battle ¢ is played,
since either team A or team B wins the battle. Note that (n},nd) is not necessarily (0,0)
and (nT nl) is not necessarily an ending state of the whole contest. For example, {(1,0),
(1,1), (1,2)} describes a feasible path in a 3-battle contest (i.e., k = 1), {(2,0), (2,1), (2,2)}
describes a feasible path in a 5-battle contest (i.e., & = 2), and G((0,0),(1,1)) = {91, 92},
where g; = {(0,0),(1,0),(1,1)} and g» = {(0,0),(0,1),(1,1)}.

For an easier exposition, we further define the probability and the adjusted probability

of a feasible path in the following, which will play a crucial role in our following analysis.

Definition 3. (Probability of A Path) (i) Given a feasible path g = {(ni,n3),....,(n},nb),....(nT, nd)},
denote P(g) := II''p((nk, nt), (i, nk)) as the probability of path g, where
pa(ni,ms), if (ny A tH) = (n + 1,m5);
pp(ni,ny), if (ng t“ nytt) = (nf, nh + 1).
Denote ]3(9) = 5 p((nd, nd), (ntH, né“)) as the adjusted probability of path g, where
L i) — pa(nl +1,n8), if (01", n5™) = (nf + 1, nb);

p((nt,nk), (ni™ . n
A AT TD = it m 4 1), (0, ™) = (1.

(ii) For any reachable state (n%,nb), P((n',nt), (n},nb)) :=1 and P((n},nk), (nt,nb)) =

p((ni,nb), (ni™, ny™)) =

(iii) For any infeasible path g, P(g) := 0 and P(g) = 0.

Consider the following examples. By Definition [3[(i), given g1 = {(0,0), (1,0), (1,1)}, the
probability of path g; is P(g1) = pa(0,0)pg(1,0) and the adjusted probability of path g; is

ﬁ(gl) = ﬁ((OaO) (1 0)) ((1 0) (17 1)) = pA(lv())pB(l? 1) Given g2 = {(Oa())a (07 1)7 (17 1)}7
the probability of path gs is P(g2) = pp(0,0)p4(0,1) and the adjusted probability of path

g2 is P(g2) = B((0,0), (0, 1))P((0, 1), (1,1)) = ps(0,1)pa(1,1).
By Definition [3(ii), P((0,0),(0,0)) = 1 and P((k,k), (k,k)) = 1. By Definition [3[Gii),
P((1,0),(0,1)) =0 and ]3((1, 0),(0,1)) = 0, since the path {(1,0),(0,1)} is infeasible.
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Based on the definitions, we will propose a general program whose solutions give the

optimal vector of biases in the next subsection.

4.2.1 General Program

Equipped with the notations in Definitions [2] and [3| we first characterize the expected

aggregate effort in the following proposition.

Proposition 2. The expected aggregate effort equals

TEpeer = Y. > Py Y Plg)] Bnma),  (10)

(n1,m2)€S/E \ g€G((0,0),(n1,n2)) 9€G((n1,n2),(k,k))
where P(g) and P(g) are defined in Defnition E

Proof. We first reformulate the expected aggregate effort as

TEqcter = Z P(ny,ng)E(ny, ny),
(n1,n2)€S/E

where S/FE is the collection of all possible states excluding the ending ones, P(n,ns) is the
probability that the contest reaches state (n1,ns), and E(ny, ny) is the expected sum of efforts
from the two matched players in a battle ¢ at state (n,ns). In particular, it follows from di-
rect calculation that P(n1,n2) = > c5((0.0).(n1me)) £(9) and E(n1, n2) = B(n1, n2)Au(ng, ns)
using Property |1} To establish Proposition |2} it only remains to show that

Au(ny,ng) = > Py. (11)

gEG((nl,nz),(k,k))
We relegate the full proof into the appendix. n

Proposition [2| reveals how the choice of biases {(n1,12)}(n, ny)es/e affects TEgese . To
be more specific, the biases impact the expected aggregate effort through two channels: by
influencing the likelihood of reaching a state and by affecting players’ incentive for exerting
efforts at that state, i.e., P(ni,ny) and Au(ni,ns). In the proof of Proposition [2, we show
that Au(ni,m2) = 3 coqnn) k) P(g), which implies that the players’ incentives for ex-

erting effort in the current battle depends on the winning probabilities at attainable states
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in subsequent battles.

When « and r do not depend on the state (n1,n2), both the winning probability p :=
pa(ni,ng) and B := B(ny,n) are invariant across the states. In this case, we show that the
aggregate effort function in boils down to for homogeneous battles. The result is

summarized in the following corollary.

Corollary 1. When « and r do not depend on the state (n1,ns), the expected aggregate
effort function in (@) coincides with that in (@

Proof. See the appendix. n

The Corollary above shows that when both « and r are invariant of the state (nj,ns),
our general program coincides to the one for homogeneous battle in Corollary [l When «
and/or r can vary with the state (nq,ns), we introduce the following program to search the

optimal biases.

With Proposition [2| we formally formulate the program for team contests with outcome-
dependent heterogeneity as follows. Givenr = {7(n1,n2) } (n, no)es/e With 7(n1,n2) € (0, 400,

the optimal biased rule o = {(n1,12) }(n, ns)es/E solves the following program:

IP)Hete L= moiix TEHete,k(a7 I')

s.t. a(ny1,ng) € [0,+00), where (n1,ns2) € S/E. (12)

We next show the existence of the optimal biases that solve the program described in

as follows.

Proposition 3. There always exists a optimal biased rule o* = {a*(ny,n2): (n1,n2) € S/E}

that solves the program Pgee in @

Proof. Since pa(ni,ng) in Lemma {4 and [ (va,vp, a(ny,ng),r(n1,n2)) are both continu-
ous in a(ni,ny), TEgeer(a,r) in is continuous in « for any fix r. In addition,
limg—too TEgeter(,r) =0, as [ TEgere (o, 1) | < Z(nl,nz)ES/EB(UA7,UB7 a(ny, ng), r(ny, na))
and limq (n, ny)—+o0 F(Va, VB, @(n1,12),7(n1,n2)) = 0. This implies that there must exist a
M > 0 such that TEgee (o, r) < TEgee (M, r). By Weierstrass Extreme Value Theo-

rem, there must exist an optimal a € [0, M ]'S/ Bl that maximizes the total expected effort in

(T0). m
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So far we have introduced the general program whose solutions yield the optimal
biases and establish the existence of the optimum in Proposition [3. However, we are encoun-
tering challenges in characterizing the optimal biased rule for two primary reasons. First,
the general program outlined in ((12]) we are using to solve the optimal biases is multidimen-
sional and computationally complex. Second, it remains unclear whether we can identify
a valuable property that will help in comprehending how outcome-dependent heterogeneity
impacts the design of biased rules. Even for k = 2, it is not straightforward to solve for the
optimal biases, since the formula of TE g —2(cx, r) is sufficiently complicated (See Exam-
ple . To tackle the problems, we will simplify the general program and explore the general

properties of the optimal biases in the next subsection.

4.2.2 Simplification and Properties of Optimal Biases

In this subsection, we will decompose the multi-dimensional program in into a system
of single-dimensional optimization subproblems in Proposition 4. This simplification offers
a way to search for the optimal biases. Moreover, we establish the two general properties of
the optimums in Corollary [3] and Corollary [l

To proceed, we will first identify the effect of a particular bias a(n}, n}) on the expected
aggregate effort, which plays an important role in simplifying our general problem. Recall
that Proposition 2| reveals how biased rule v = {a(n1,72)}(n; n)es/r affects the expected
aggregate effort TE g ;. However, we are still uncertain about how a change in a particular
bias «a(n},n,) influences the expected aggregate effort. We first note that the bias a(n, nj)
affects TEpete ; in through p4(n},nb) and 5(n}, nj) P The effect on B(n},n}) is mea-
sured by the coefficient w(a/a(n), nb)) := deG((o,o),(ng,ng)) P(g) zgeG((n’l,n’Q),(k,k)) ﬁ(g)) ,
where a/a(n}, ny) denotes the vector {a(n1,n2) }ny ny)es/(Bum, my))- It then remains to ana-

lyze how pa(n),n}) enters in TE g, which is solved by the following proposition.

Lemma 5. The coefficient of pa(n),nb) in TEgeey i (10) is p(a/o(nf,nhy)) = I + 11,

where

2 geG((m +1,np), (1 ma) £(9)
(Z G((0.0).(n' .n' P(g)) 9 ni+1,n4),(n1,n2
= Z Z g€G((0,0),(n],n3)) - deG((n'l,n/2+1)7(n17n2)) P(g) R

=t
te{tl+1""’Zk}(n?,lr;;léS/E -Au(nl, ng)ﬂ(nl, le)

2TNote that the prize spread Au(ny,ny) = D geG((n1m2),(k k) P(g) does not depend on the bias a/(n, nb).
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and

2 g€ (1 ,m2), ) —1,m5)) A(Q)
<Z EG((O 0) (n ! )) P(.Q)) ( g ni,n2),(1y 3Ty N
_[I = Z Z g 1,12 - deG((N17n2)7(n/17n12_1)) P(g)

tE{O,...7t’_1} (n?,l',j;,)léng Au(n/17 né)/@(nl’ n2>

Recall that Au(ni, n2) = 3 c6((n1ma).(kk) ﬁ(g) is defined in .

Proof. The total effort function in can be rewritten as

TEfees = Y. > Ply) > Plg) | Blni,m).

(n1,n2)€S/E \ geG((0,0),(n1,n2)) g€G((n1,n2),(k,k))

Depending on the state (ny,ns), pa(nf,ny) may affect the probability of the paths and

~

players’ incentive along the paths, i.e., > cc(0.0).(mm2)) £(9) @0 3 cny oy hky £(9)- Re-
call that, by Definition B, p((n}, mb). (nh + 1,mb)) = pa(ny. b, pl(nf, mb). (nfom) + 1)) =
pB(n,b ”lz)a ﬁ((nll -1, ”lz)a (n/b n,2)) = pA(n/b n,2)7 and ﬁ((nllv ”/2 - 1)7 (n/b nIZ)) = pB(n/b n,2)
We show that > (0.0, (n1.m2))
the coefficient of pa(ny,n5) in 3 0.0y, (m1ne)) £(9) €quals

P(g) is a linear function of p(n},n,) for any (ny,n2) and

> Py > P(g) — > P(g)

g€G((0,0),(n},nb)) 9€G((n}+1,n%),(n1,n2)) g€G((n],nhH+1),(n1,n2))

Moreover, p4(n’, nb) would only affect the probability of a path after battle ¢’ = n}+n,+1,
the effect of pa(n,n}) on the expected aggregate effort through affecting the probability of

paths can be summarized by

I= >, > >, P(g) < 2 ge (1) (ma ma) F(9) )

te{t'+1,...,2k} (n?l;z;?;éng g€G((0,0),(n},nh)) _deG((n’pn&H),(m,nz)) P(g)

Au(ng, ng)B(n1, ng),

Analogously, we show that > (. n0).(k.4)) P(g) is a linear function of pu(n}, n}) for any
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(n1,7m2) and the coefficient of pa(n,15) I 37 Gt ma). (k) P(g) equals

- Y P+ Y P >, P

9€G((n1,n2),(n},nh—1)) 9€G((n1,n2),(n]—1,n})) 9g€G((n},nh),(k,k))

Moreover, pa(n},n}) would only affect the incentives, i.e., P(g) before battle ' — 1 =
n} +nj, the effect of pa(nf, nh) on the expected aggregate effort through affecting the players’

incentive along the paths can be summarized by

nm= Y ¥ > Pl

te{0,...,t' =1} nit+na=t g€G((0,0),(n1,n2))
{ } (n1,m2)€S/E

(( Zeatstacin 0 Y
_ZQEG((nl,nz),(n’l,néfl)) (9)

Combining the results above, we conclude that the coefficient of pa(n,ns) in TEgc k

is I + II. More details are relegated into the appendix. O

By Lemma we qualify the effect of p4(n1,n2) on the expected aggregate effort TEyete k.,
which is captured by ¢(a/a(n1,n2)). Certeris paribus, if p4(n1, n2) changes into pa(ny, na)+
A, the aggregate effort increases from TE gt 1 t0 TEp e+ (/(ng, n2))A. Furthermore,
the effect p(a/a(ny,ny)) can be decomposed into I and /1. In particular, I measures the
effect of a change in p4(n1,n2) on the probability of a path and I measures the effect on

the players” incentives, since Au(n1,n2) = 3 6((n1n2), (k) £ (9) depends on the probability
of the paths involved.

More specifically, Lemma implies that a change in p4(ny, ny) affects the aggregate effort
in through two channels. First, a change in p4(n;,n2) has an impact on the probability
of reaching a state in subsequent battles. Consider a 3-battle contest, as p4(1,0) increases,
the contest is more likely to reach the state (2,0), rather than (1,1). Note that players
would spend more efforts on (1, 1) than on (2,0). Second, a change in p(n,ns) presumably
influences players’ incentives for exerting effort at a state before battle t = ny + ny + 1. For
example, in a 3-battle contest, a high pa(1,1) would lower players’ incentive for exerting
effort at state (1,0). This is because even player B(2) wins battle 2, team B is less likely
to win battle 3 with a higher p4(1,1), which in turn lowers player B(2)’s incentive and
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therefore that of player A(2) for exerting effort. This intuition can be further confirmed by
Au(1,0) = pp(1,1).

Lemma 5| yields an important implication that TEpe; in can be decomposed
into p(a/a(ny,n2))pa(ng, ne) +w(a/a(ny, ny))B(n1,n2) and other terms that do not involve
a(ny,nz). In other words, a(ny,ns) influences the aggregate effort by affecting pa(nq,ns)
and ((ny,ny). More detailly, as a(n1,n) increases by A, the change in the aggregate effort
equals [p(a/a(ny, n2))0pa(n, na)/0a(ny, ng) + w(a/a(ny, na))0B(ny, ne)/da(ny, na)] A ap-
proximately, where p(n1, ny) is given by lemmafdland 5(n1, n2) = 8 (va, v, a(ni, n2), r(n1, n2)).
By applying the aforementioned decomposition, we simplify the multi-dimensional program
described in into a system of single-dimensional optimization subproblems in the fol-

lowing proposition.

Proposition 4. The |S/E|-dimensional problem in (@ can be converted into a system of

|S/E| single-dimensional optimization subproblems, where each subprogram is given by

o pla/a(m,n)pann, ma) +w(e/a(ns. ) nn, ). (13)

where pa(n1,ny) is given by lemmald], p(a/a(ny, ny)) is given by Lemmald and w(ae/a(ny, ns)) =
<deG((0,0),(m7na)) P<9)> <Zg€G((n1,n2),(k,k)) P(ﬂ))-

Proof. By Lemma [, TE g in can be decomposed into p(a/a(ni,ns))pa(ni, ny) +
w(a/a(ny, ny))B(n1,ne) and other terms that do not involve a(nq, ng). In particular, neither
o(a/a(ny,ny)) nor w(a/a(ny, ny)) depends on a(ny, ny), where p(a/a(ny, ne)) = [+11 and
w(a/a(ng,ny)) = (dec((07o)7(nl’n2))P(g)) (deg((nlm),(k’k» ﬁ(g)) Therefore, it suffices
to consider maxa(ny n)e(0,+00) P(@/ (N1, n2))pa(n1, n2)+w(ee/aln, na))B(ni, na), v(ni, na) €
S/E. O

It is worth noting that the solution to the general problem must solve the system of
these subproblems described in @ We can therefore rely on Proposition {4f to search for
and to learn more about the optimal biases in such a team contest with outcome-dependent
heterogeneity. If 5(ni,ng) := f (va,vp, a(ni,n2),r(ny,ne)) is differentiable, we can further
apply first-order conditions to simplify the single-dimensional optimization subproblems into

a system of equations in the following.

281f the solution to the system of these subproblems in is unique, it must be the optimal biased rule

that solves .
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Corollary 2. When r(ny,n2) < 1, the optimal biased rule must satisfy the system of |S/E|
equations:

UAUE

dﬁ (nla n2)

da(ny, ng)

o(a/a(ng, ng)) + w(a/a(ng, ng)) =0, where (ny,ny) € S/E,

(v + alny, no)vy)”
where B(ny,ng) = B (va,vp, a(ny,ne),r(ny,ne)) is differentiable with respect to a(ny,ns),

when r(ny,ng) < 1.

Corollary [2| provides a practical way to search for the optimal biases. Equipped with
Proposition [ and Proposition [3, we establish two general properties in Corollary [3] and
Corollary [ which shed light on the optimal design of the biases.

Corollary 3. When r takes different values over (ny,ns), i.e., r(ny, ng) # r(ny, ny) whenever

(n1,m9) # (01, m5), the biased rule &y, = {a(n,no)|a(ni, n2) = @ gpor(r(n1,n2))}

would never be the optimal.

Proof. We plug aj;,,,, into ¢(a/a(ny, ns)) given by Lemmalf], we have o(at};gm,/ (11, n2)) =
I+ I, where

ni+nz
I = <1>
2

= (1) : [B(n1 +1,m9)1{(n1 + 1,n2) € S/E} — B(n1,n2 + 1)1{(n1,n2 + 1) € S/E}],

Au(ny 4+ 1,n2)B(ny + 1,n2)1{(n1 + 1,n9) € S/E}
—Au(ng, ng + 1)B(n1,n2 + 1)1{(n1,n2 + 1) € S/E}

2

Au(ny — 1,n9)B(ny — 1,n9)1{(ny — 1,ns) € S/E}
—Au(ng,ny — 1)B(n1,ne — 1)1{(ny,ny — 1) € S/E}

ni+ng
- )
2

— (%) [B(ny — 1,n9)1{(ny — 1,ny) € S/E} — B(ny1,ne — 1)1{(n1,n2 — 1) € S/E}],

where 1{-} is an indicator function. As a result,

(p(a;{omo/a(nh n2))

= (%) _ [B(n1 + 1,n2)1{(n1 + 1,n9) € S/E} — B(n1,na + 1)1{(n1,n2 + 1) € S/EY]
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2%k+1
+ (%) [B(n1 —1,n9)1{(ny — 1,ny) € S/E} — B(n1,n2 — 1)1{(n1,no — 1) € S/E}].

Consider (n1,75) = (0,0), ©(@ome/(0,0)) = (H)* 71 [5(1,0) — B(0,1)]. As r takes differ-
ent values over (ni,ng), r(1,0) # r(0,1) in particular, which implies that 3(1,0) # 5(0, 1)
under the biased rule aj;,,,, and therefore ¢(aj;,,,,/®(0,0)) # 0. This further implies that
a(0,0) = (vg/v4)""? does not maximize p(a,,.. /(0,0))pa(0, 0)+w(a,,, /e (0,0))3(0,0).

By Proposition[d, the biased rule acj;,,,, does not maximize the expected aggregate effort. [

In contrast to Corollary [3 when battles are homogeneous, the biased rule aj;,,,, =
{a(n1,n2)|a(ni, n2) = &f 0ot (7(11, 72)) } uniquely maximizes the expected aggregate effort

as shown in Theorem [11

Corollary 4. Given the biases at states excluding (ny,ns), i.e., afa(ny, ng) = {a(n},nj):
(ny,n5) € S/(EU (n1,n2))},

(1) if P((0,0), (n1,n2)|a/a(ny,n2)) > 0 and p(a/a(ny, ny)) > (<)0, the optimal a*(ny,ny) >
(<)Dne-shor(7(111, 112);

(i1) if P((0,0),(ny,n2)|a/a(ni, ng)) = 0, the choice of a(ny,n2) does not affect the re-
sulting expected aggregate effort.

Proof. Given a/a(ny,n2) such that p(a/a(ni,n2)) > 0, to maximize TEpy.., the op-
timal a*(ny,n2) must maximize p(a/a(ny,ng))pa(ni,n2) + w(a/a(ng, ne))p(ny, ny). For
r € (0,400), one can easily verify that ((ni,ns) increases with a(ni,ny) from 0 until

7”("17”2), an increase in a(nla n?) leads

(vg/va) ™) As a result, for any a(ni,no) < (vp/va)
to an increase in p(a/a(ny, ng))pa(ni, n2) + w(a/a(ny, ne))B(ny, na), since p(a/a(ny, na)),
w(a/a(ni,ny)) > 0 and pa(ni,ne) always increases in a(ny,ny). Therefore, a*(nq,ny) ¢
[0, (vg/va)" ™)), which implies that o(ny,ns) > (vg/va) ™", If p(a/a(ni, ng)) < 0,

mm2) - gince fB(ny,ng) decreases with a(ng,ns) when

the optimal a*(n1,ng) < (vg/va)"
a(ny,na) > (vg/oa) ")

vp/va and decreases with a(ny, n2) when a(ny, ng) > vg/va. The corollary thus follows. [

Analogously, B(ny,ny) increases with a(nj,ny) from 0 until

The condition P((0,0), (n1,n2)|e/a(ni,n2)) > 0 means that the state (ny,ns) is attain-
able under the biases a/a(nq,ny). When biases can further depend on (nq, ny), Corollary
provides conditions under which the optimal bias a*(n,n) favors team A at state (ny, ng).
The conditions simply say that if the overall effect of the bias on the total effort is positive
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(resp. negative), the bias should also be set in the favor of team A (resp. team B) at the

optimum.

4.2.3 Examples

We provide five examples in this subsection. The first two examples are used to illustrate
the idea of decomposition in the last subsection. Examples 3 and 4 show some numerical
results for homogeneous and heterogeneous cases, respectively. In Example 5, we compare
the optimal biases of 3-battle team contests to those of 3-battle individual contests studied
by |[Barbieri and Serena| (2022]).

Example 1 (Continue)

Consider a best-of-three team contest with outcome-dependent heterogeneity. There are
two methods to compute the coefficient of p4(n},ny) in T Eyete =1, i-€., p(a/a(nf,n})). The
first way is to apply Lemma [5| and the second one is to decompose T'Eete x=1 in Example
directly. The two yield the same result. The details are relegated into subsection in

the appendix. We present the results as follows.

90<a/05(070)) = pB<171>6(170) _pA(1’1)6<071) + (pB(170) _pA<071)) 6(171)‘
gO(Oé/Oé(l,O)) = pB(lal)B (O’O) _pA(Ovo)ﬂ (171);
p(a/a(0,1)) = —pa(1,1)3(0,0) +p5(0,0)5(1,1);

@(a/O‘(la 1)) = [_pA(la O) + pB(Oa 1)] B (Oa O) - pA(()? O)B (17 0) + pB<07 O)B <O7 1) :

we have

w(a/a(0,0)) = > Plg) = pa(1,00ps(1,1) + ps(0, 1)pa(1,1);
9€G((0,0),(1,1))

w(a/a(1,0)) = pa(0,0)ps(1,1);
w(a/a(0,1)) = pp(0,0)pa(1,1);

w(a/a(lal)) = Z P(Q) :pA(O,O)pB(l,O) +pB(070>pA(071)'
9€G((0,0),(1,1))
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From Corollary , when r(ny,ny) < 1, the optimal biases can be obtained by solved from
the following system:

pe(1,1)B(1,0) — pa(1,1)3(0,1) | dpa(0,0) pa(1,0)pp(1,1) | d3(0,0) o
+(pB(170) _pA(Oal))B(Ll) da(0,0) +pB(071)pA(1a1) da(0,0) ’
[p5(1,1)5(0,0) —pa(0,0)3 (1, 1)] % +p4(0,0)p5(1, 1)2@8:3 — 0

=L 1)8 (0,0) + pa(0,0)3 (1, 1] GAT 4 pa(0.0pa (L DG = o
(—=pa(1,0) +p5(0,1)) 5(0,0) dpa(1,1) pa(0,0)pp(1,0) | d5(1,1) 0
—pa(0,0)8(1,0) + pp(0,0)3(0,1) | da(1,1) +pp(0,0)p4(0,1) | de(1,1) '

Example 2 (Continue)

In a best-of-five team contest with outcome-dependent heterogeneity, consider state (1, 2)
for example. We apply the aforementioned two approaches to derive ¢(a/(1,2)) and
w(a/a(1,2)). By direct comparison, the two approaches generate the same result. We
present the results as follows. Details are relegated into subsection in the appendix.

pla/a(1,2)) = (ps(0,1)ps(0,2) = pa(1,0)ps(1,1) — ps(0,1)pa(1, 1)) pa(2,2)5(0,0)
—P(1,0)ps(1,1)pa(2,2)5(1,0)
+P(0,1) (p5(0,2) — pa(1,1)) pa(2,2)5(0,1)
+P(0,2)pa(2,2)5(0,2) — P(1,1)pa(2,2)5(1, 1)
+P(1,2)5(2,2),

and
w(a/a(1,2)) := P(1,2)pa(2,2).

Moreover,

TEpetep—2(a, 1) = p(a/a(1,2))pa(1,2) + w(e/a(1,2))8(1,2) + T(/a(1, 2)),

where T'(at/(1,2)) denotes terms that do not involve «(1,2).
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Example 3 (Three-battle contest with homogeneous battles)

Consider a best-of-three team contest with homogeneous battles. For homogeneous bat-
tles, we mean that r and a remain the same across the states while two teams’ values of the
prize (v4 and vp) can be different. Suppose that team A’s value of the prize is v4 and team
B’s value vp = 1. Let r and vs = 0.5; 1; 1.5; 2; 400 (all-pay contest), respectively. By The-
orem [1] o* = (vp/va)" for r € (0,+00) and a* = vp /vy for r = +oc are the corresponding

optimal biased rule. The results are summarized in the following table.

T va=05 v4=1 v4=15 vyu4=2
0.5 1.414 1 0.817 0.707
1 2 1 0.667 0.5
1.5 2.828 1 0.544 0.354
2 4 1 0.444 0.25

+00 2 1 0.667 0.5

Table 1: Optimal Bias for Homogeneous Battles

Example 4 (Three-battle contest with outcome-dependent heterogeneity)

In this example, we will introduce outcome-dependent heterogeneity into a best-of-three
contest to see how the optimal biases react. In addition, we will use the example to verify
our general property in Corollary 4l To do so, we fix r(0,0) = 1, r(0,1) = 1, r(1,1) = 1,
and vary 7(1,0) to see how the optimal biased rule a* = {a*(0,0), a*(1,0),a*(0,1),a*(1,1)}
responses to different value of 7(1,0). We rely on the general problem , or equivalently
Proposition 4] to compute the optimal biases numerically. The results are summarized in the

following table.

r(1,0) a*(0,0) a*(L,0) a*(0,1) a'(L1) TE
0.5 0.667 1 1 1. 0.7
1 1 1 1 1 0.75
1.5 2 1 1 0.5 0.833
any value€ [2,+o0] | +0o0 1 any value 0 1

Table 2: Optimal Biases For Heterogeneous Case
For r(1,0) € [2,400], a*(0,0) = +00 means that team A wins battle 1 automatically. As

a consequence, in battle 2, the state must be (1,0), at which players compete for a prize of
value 1 in a Tullock contest with r(1,0) € [2,400]. This is because at (1,0), if player A(2)
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wins battle 2, team A wins the contest; otherwise, team B wins the contest, as a*(1,1) = 0.

The reason why «*(0,1) can be any value is that state (0, 1) is never attainable.

To verify the property in Corollary [4, we compute the winning chances under the optimal

biased rule as below.

r(1,0) pa(0,0) pa(1,0) pa(0,1) pa(1,1)
0.5 0.4 0.5 0.5 0.6
1 0.5 0.5 0.5 0.5
1.5 0.6667 0.5 0.5 0.3333
any valuee [2, +00] 1 0.5 [0,1] 0
and
r(1,0) | 5(0,0) 5(1,0) A0, 1) AL, 1)
0.5 0.48 0.25 0.5 0.48
1 0.5 0.5 0.5 0.5
1.5 0.4444 0.6667 0.5 0.4444
2,4+00] | 0 1 B(1,1,0%(0,1),7(1,0)) 0

Recall that in Example 1 (Continue), we have

p(a/a(0,0)) = pp(1,1)8(1,0) = pa(1,1)8(0,1) + (ps(1,0) — pa(0,1)) 5(1,1);
p(a/a(1,0)) = pp(1,1)3(0,0) —pa(0,0)5(1,1);
90<a/05(07 1)) = _pA(la 1)5 (Oa O) +pB(07 0)6 (17 1) )

§0<a/a(17 1)) - [_pA(1> 0) + pB(OJ 1)] 6 (07 0) - pA(O7 O)B (17 0) + pB(07 O)ﬁ <07 1) .

By direct substitution, we could compute p(a*/a(ni,ns)) for all attainable states, i.e.,
(0,0), (1,0), (0,1), (1,1) in this example. The results are summarized in the following table.

Corollary [4](i) says that for the attainable states, if p(a*/a(ni,n2)) > (<)0, the optimal
a*(n1,ng) > (<) (vp/va) ™™ and if p(a/a(ni, ns)) = 0, a*(ny, na) = (vg/va) ™"
r(ni,ng) € (0,400). In this example, vp/vs = 1 and one could easily verify the property
for (1,0) = 0.5; 1; 1.5. When r(1,0) € [2,+400), the property remains valid for state
(0,0), (1,0), (1,1). For (0,1), the condition of Corollary [4|(i) is violated, since p4(0,0) =

) for
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r(1,0) | p(@/a(0,0)) pla/a(1,0) plar/a(0,1) pla/a(l,1))
0.5 -0.2 0 0 0.2

1 0 0 0 0

1.5 0.2778 0 0 -0.2778
[2, +00] 1 0 0 1

Table 3: p(a*/a(ni,ns)) in Example 4

1 under the optimal biased rule and the contest would never reach the state (0,1), i.e.,
P((0,0),(0,1)|a*) = 0. In this case, it follows from Corollary [4(ii) that a*(0,1) € [0, +-00) ]

In the following example, we compare our results to [Barbieri and Serena (2022) who

study multi-battle individual contests.
Examples 5 (Team contests v.s. individual contests)

Barbieri and Serenal (2022) consider a best-of-three Tullock contest between two ex-ante
symmetric players. In particular, they study both victory-dependent biases and victory-
independent biases that maximize the expected total effort. To compare, we let v4 = vp

and r remain the same across the states.

(i) Consider biases are victory-dependent. In a three-battle contest between two teams,
our Example 4 shows that {a(0,0), «(1,0), «(0,1), «(1,1)} = {1, 1, 1, 1} maximizes the
expected total effort when r» = 1 across battles and two matched players have equal chance

to win a battle at each node.

In a three-battle contest with two individuals, Proposition 1 of Barbieri and Serena, (2022))
shows that {«(0,0), a(1,0), «(0,1), «(1,1)} = {1, 1/3, 3, 1} is the unique global maximum
for the expected total effort when r = 1 across battles. In particular, players equally likely

to win a battle at each node.

(ii) Consider victory-independent biases. In this case, battles are homogeneous in our
setting. By Theorem [I], the optimal bias is a* = 1, as a result, two matched players are

equally likely to win each battle in our team contest setting.

In contrast, Proposition 2 of Barbieri and Serena| (2022) shows that the fully unbiased
contest is not an optimal victory-independent contest, i.e., two players do not have equal

chance to win each battle.

2If one applies Corollary [4fi) to conclude that ¢(a/a(0,1)) = 0 leads to a*(0,1) = 1. Note that
a*(0,1) = 1 with a*(0,0) = 400, a*(1,0) = 1, and «*(1,1) = 0 still constitutes a specifical optimal
biased rule.
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5 Concluding Remarks

We study the effort-maximizing biased design of a dynamic team contest with pairwise
battles in which players from two rival teams form pairwise matches and compete head-to-
head in their own battles. Our model is inherited from |Fu, Lu, and Pan (2015)) but differs
from their model in two aspects: Two teams can be asymmetric and outcome-dependent
heterogeneity is introduced. With two asymmetric teams, we show that two paired players
always have a common prize spread, regardless of the previous battle outcomes; while, the
result of history independent in Fu, Lu, and Pan (2015) is no longer valid for a biased team

contest with outcome-dependent heterogeneity.

The best-of-IN contest studied here is of arbitrary odd length and battles are played
sequentially. The designer can impose a treatment to bias each battle contest. The effort-
maximizing biases are as follows. When battles are homogeneous, the full-balance rule is
effort-maximizing, which echoes the previous finding in static contests: Levelling the playing
field maximizes the competition. However, this full-balance rule is in general suboptimal in
eliciting efforts in the presence of outcome-dependent heterogeneity. Our result domonstrates
that outcome-dependent heterogeneity is crucial in designing the optimal biases, which offers

a new insight for dynamic contest design problems.

In this paper, we attempt to shed light on the optimal biased design of dynamic team
contests. For that, we adopt this multi-battle team contest setting as the first step. A
key feature of this setting is that momentum effect is absent, which allows us to consider
contests of arbitrary odd length, generalized contest technology, and outcome-dependent
heterogeneity. Our design aims to maximize the performance of the competing agents,
specifically the expected total effort. Many works, such as Barbieri and Serena (2019) and
Barbieri and Serena (2022), also consider the goal of maximizing the winner’s effort. However,
aggregating the winner’s effort and identifying the general properties would be complicated
by allowing arbitrary odd battles and outcome-dependent heterogeneity. We leave these to

future work.
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Appendix

This appendix covers the proofs omitted in the main text.

5.1 Proof of Property

We consider two cases: (1) r € (0,4+00) and (2) r = +o0, i.e., all-pay auction.

Case 1: For any r € (0,+00), a biased Tullock contest (Aua(y, Aupw), caw = 1, cap) =
1, @) is equivalent to a non-biased one (ozl/rAuA(t), Aupy, cag) = 1, ¢y = 1,a = 1). Denote
the resulting equilibrium effort (x4, xpw)) and (Z ), ) ), respectively.

To see the equivalency, player A(t) chooses effort () to maximize

a:z:;(t)

— o Auaw — zaq
ATy + T

Taw)
allr’

’i.’r
_ #A“A(t) _

Tay t T

is equivalent to
%’I’
A(t)

I/TA -~
~r T o UA(t) J;A(t)'
Tyw T Tru

We therefore conclude that z,¢) = ot/ At)- As a result, the total effort in battle ¢ equals
E [m A T B(t)] =F [EA(t)/ a/m 4 xB(t)}. To derive the equilibrium effort, consider a two-
player one-shot Tullock contest with an arbitrary r(¢), the equilibrium strategies are sum-
marized in Lemma 1 in Feng and Lu (2018), by which we solve for the equilibrium effort
(2 (t), ©B(r)) for a non-biased Tullock contest, (al/TAuA(t), Aupyy,caqy = 1,cpp) =1, =1).
By applying the equivalency result, we characterize the equilibrium effort (Zaq), zp)) and
compute the resulting total effort. Let 7(z) € (1, 2) represent the unique solution to r = 142"

with z € (0,1]. The results are summarized as follows.

Case 1.1: If Ozl/TAuA(t) 2 AuB(t),

. ~ Au (t)
(Z) Ifr S T((WT%),
r+1 T
r (0! Auaw)™ (Aup)” (0! Buag) (Bup)!
T y VB(t) — T .

(a7 Auawy) + (Aupe) ] © (@' Auawy) + (Aupe)T]?

TAw) =
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Therefore,

E [za@ + 2B

ra (Auag) (Aup)” [Auag) + Aupp)]
o (Auwag)” + (Aupe)?

ravy vl
= —455 A E: 5 (va + vp) Au(t).
(o’ + v)

using Auay = vaAu(t) and Aupyy = vpAu(t).

.. A A’LLB(t)
(i7) If r € <T(—a1/TAuA(t))’ 2],

1
r—1

S =

1
(1- ;)AUB(t);

)

Tapy = (

(1— %)AUB(t), with probability ¢ = %’ij“(ril)%,
IrB == ‘
© 0, with probability 1 — q.
Therefore,
E[vaw +wpm)] = E[Taw/o'" +z50)
1 1 1. Aupgp 1 1 1. Augp  Aupp
— (1— = (11— 2 )
(r— 1) ( 7") al/r +(7‘—1) ( 7“) allr AUA(t)
_ 1 e E)AUB(t) ] Aup
r—1 r’oallr A
1 1 1 VB UB
— T —_ 1 - A t
(EpHa= D (142 au)
(iii) If r > 2,
_ . w*, with probability ¢ = alﬁ%,
TAR) = H 5 TBt) = A®)

0, with probability 1 — q.
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Therefore,

Ewaw + 780 = E[Taw/o"" +xpw)

AuB(t) AUB(t) AUB(t)

2a1/7 2 Oél/rAuA(t)
A A
UpB(t) 14 UB(t)
2at/7 AUA(t)

1 UB

Case 1.2: If Augy) > al/TAuA(t),

(i) If 7 < p(EsBamy

AuB(t)
r+1 r
s o0 ) (Bug) (@A) (Auge)
A - T y LB — T .
O (0 Aua) + (Buse) 7 T (01 Aua) + (Aupp) P
Therefore,

E [zag) + 2B

ra (Aua)" (Aupy)” [Auae + Aup)]
[ (Auaw)” + (Aupe)]?

ravi vl
= ot () )
A B

1 1
7’—1)7

1
(1 — ;)O[l/TAUA(t);

; AuB(t) r—1

al/TAu
~ (1 — Hal"Auygyy, with probability ¢ = M( L7,
0, with probability 1 — q.
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Therefore,

E[zag +2pw] = E[Taw/a" +xpw)
1 1 /" A 1 . 1
= s ]_ JR— A r ]_ — 1/TA
()" ( )Aua Aung, + (=) (1 = D)ar " Auag
1 . Ay
= "(1—=)at/"A 1
()7 (1 = 2)a M Auag ( + Aun,
1 1 1/r A
= ) =) {1+ = Jvav.

(iid) If r > 2,

ozl/rAuA(t)

p*,  with probability ¢ =
0, with probability 1 — q.

Tp@) =K, Taw) = { INFICE

Therefore,

Ewam + 780 = E[Taw/a"" +wpp)

AUA(t) al/rAuA(t) I al/TAuA(t)
2 AUB(t) 2

1/rA A
_ @ UA@){ UAq) +1}

2 AUB(t)
al/r VA
= 14— Aut).
) ( + UB> VA u( )

Case 2: For r = 400, a biased Tullock contest (Auaw), Aupy),caw = 1,cpe) = 1,a) is
equivalent to a non-biased one (OzAuA(t), Aupy,cap = 1,cpyy = La = 1). Denote the re-
sulting equilibrium effort (xaw), xp)) and (Taw), Tp()), respectively. To see the equivalency,
player A(t) chooses effort 4¢;) to maximize

Augg Pr(azaw > Tp@e) — @,
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ie.,

1
A’UJA(t) Pr(axA(t) > JJB(t)) — aaxA(t),

which is equivalent to maximizing
OzAuA(t) Pr(axA(t) > :L‘B(t)) — QT A1),

or

&AUA(t) PI‘(:’L'VA(t) > Z'B(t)) — fA(t)-
We therefore conclude that T44) = azay). As a result, the total effort in battle ¢ equals
Elzao +2pm] = B [Tan/a + 250
Case 2.1: If aAuapy > Aupw,

w*, with probability ¢ = il 10N

CXAUA(t) ’

Tawy = M5 Tpu) =
© © { 0, with probability 1 — g.

Therefore,

Elzaw +opw) = E[Taw/o+rp0)]

AUB(t) 1 AUB(t) AUB(t)
2c0 2 ozAuA(t)

_ AuB(t) 1 n AUB(t)
2cv A’LLA(t)

N (1 n U—B) vAu(t).

2a Vg

Case 2.2: If AUB(t) > ozAuA(t),

(%, with probability ¢ = %BA((;

TB - N*7 ZEA -
© © { 0, with probability 1 — q.

Therefore,

E[zaw +2sw)] = E[Tap/a+zpu)
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AUA(t) OéAU,A(t) I OZAUA(,:)
2 AUB(t) 2

_ ozAuA(t) |:AUA(,5)

1
7 | s+

Aup()

2 UB

- ¢ (1 + U—A> valu(t).

In sum, for r(t) € (0,400), when a'/"Au,yy > Aupy, the analytical formulas of 3, is

T T . ~ Au
rav vy f f < B(t)
(av;-&-vg)i (UA + UB) 1 7’( ) > T(—Oi/rAuA(t))a
1 v v 3 ~ u
Be= =02 (14 2) i r(0) € (Flomas), 2],
e (1+2) v it () € (2, +00),

when Auggyy > ot Au A(t), the analytical formulas of 3, is

T T
ravAvB

. ot/ Ay
—(avr %T)Q (va + vB) if () < T(—AUB(:;(t))a
A B
T AU
Br=q (A)r = Datr (1+ ) g i r(t) € (F(*522), 2,
2 (1+2) vg it () € (2,400),

For r(t) = +o00, when aAu,y) > Aupg, the analytical formula of 3, = i (1 + ”—B> UB;

vA

when Aupyy > aAuyy, the analytical formula of 8, = § (1 + z—g> vA-

5.2 Example 1: 3-battle contest with homogeneous battles

Recall that V4(ny, ng) (resp. Vp(ny,n2)) denotes the continuation value of team A (resp.
team B) at state (nj,mn2). At state (nq,ns), player A(t)’s effective prize spreads of winning
battle t is Aua(ni,n2) = Va(ny + 1,n2) — Va(ng,ny + 1) and player B(t)’s effective prize
spreads of winning battle ¢t is Aug(ni, ne) = Vg(ny,ne + 1) — Vg(ng + 1, na).

To solve the game backwards, we compute players’ effective prize spreads at state (1,1),
(1,0), (0,1), (0,0).

In battle 3, none of players has incentive to make positive effort at state (2,0) or (0,2),

since a team wins if the team wins two battles out of three. It only remains to consider the
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state (1,1), at which players’ effective prize spreads of winning the third battle are

Auy(1,1) =va; Aug(l,1) = vp.

Players’ winning probabilities for this battle are

T

v
4 . 1,1 =_ B
av’y +vp ps(l,1) av’y + vp

av’
pa(l,1) = A

The resulting effort is E(1,1) = arvyvp(Watuvs)

(aw’y +’L)%)2

In battle 2, at state (1,0), players’ effective prize spreads of winning battle 2 are

,UT
AUA(LO) = VA(Q,()) — VA(l, 1) = VA(Z,O) —pA(l, 1)VA(2,0) = pB(l, 1)VA(2,0) = %UA;
QU + vp
,UT’
Aug(1,0) = Vg(1,1) =pp(1,1)Vs(1,2) = —E—up.
UB(, ) B(; ) pB(; )B<7 ) OC'UZ‘F'UTB/UB
Players’ winning probabilities for this battle are
av’y Ug
1,0) = —————; 1,0) = ———.
The resulting effort equals
arvvly (va +vg)  arvivd (va+ vp)
E(1,0) = pp(1,1) s =
(av}y + vi) (av)y +vp)?
Likewise, at (0,1),
Aus(0,1) = Va(L1) = pa(l, DVa(2, 1) = — 204,
A\Y, - AlL, = pall, A\4, _OéUQ—F'Ug Ay
av’,
Aup(0,1) = Vp(0,2) = Va(1,1) = Vg(0,2) = pp(1,1)Vi(1,2) = pa(1, 1)vp = ——1—vp.
avy +vp
Players’ winning probabilities for this battle are
av’) VE
0,1) = ——=—; pp(0,1) = —L—.

42



The resulting effort equals

arviyvy (va +vg)  a’rvy vy (va + vp)
(avy +vp)?  (av) +vp)?

E(0,1) = pa(1,1)

av’y
T Y
av)+vp

In battle 1, we denote py = At (0,0), player A(1)’s effective prize spreads of

winning battle 1 is
Auy(0,0)
= V4(1,0) — V4(0,1)
= pa(L,0)Va(2,0) + pp(1,0)Va(1, 1) — [pa(0,1)Va(1,1) + pp(0, 1)Va(0,2)]
= pAVA + PBPAVA — [PAPAVA]
= pava[l+pp —pa
= 2pappUa.
Analogously, player B(1)’s effective prize spreads of winning battle 1 is

Aupg (0» 0) = 2pApBUB-

Players’ winning probabilities for this battle are

ovly Vg
0,0) = —————; 0,0) = ——mM——.
The resulting effort equals
T T 2,.0,21,,27
E(0,0) = 2pApBozrvAvf (UAT—I—;;B) _ vy Uf (UAT—ZUB)
(av”y + v) (av”y + v)

Therefore, the expected total effort

TE = E(0,0)+ pa(0,0)E(1,0) + ps(0,0)E(0,1)
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+[pA(07 1)pB(0a 1) +pA(17 0)pB(1a O)]E<1’ 1)

arv vy (va + vp) arvi vy (va + vp) arvv'y (va + vp)
r 7 \2 baPB r r\2 DBPA r r\2
(o’ + v) (av”y + v) (o’ + v)

= 2papB

arvivly (va +vp)
(o, + vl)?

+2papB

arvi vy (va + vp)
(o’ 4 v)?

= 6papB

?

av’y
T '
avly +vp

-
VB
T YA
avl +vp

where py = and pg =

We provide an alternative way to solve the 3-battle game. In the proof of Property [1,
we show that the contest (Aua(ni,n2), Aup(ni,n2), cawy = 1,¢pry = 1, ) is equivalent to
(Au(ni, na), Au(ng, na),cawy = 1/ (/" Wvy) jcpey = 1/vp,a = 1), where Au(ng,ns) =
Auyy(ni,ng)/va = Augyy(ni, n2)/ve. Hence, when the state is (n1,ny), the effort in battle
t equals

arvivg

E ($A(t) + JCB(t)) (nb nz) = 3 (UA + UB) Au(nb n2)-

(av”y + vh)
Next, we apply the above formula to derive the effort in each battle as follows.

In battle 3, at state (1,1), since Auy(1,1) = v4 and Aug(l,1) = v, 2ualinz) — 4 gnq

VA
E(1,1) = “asktatn)

In battle 2, at state (1,0), since Auy(1,0) = pa(1,0)Aus(2,0) 4+ pp(1,0)Auy(1,1) =

Aug(ning) _arvvp(vatup)
PBUA, we have =422 = pp and E(1,0) = —av o DB

At state (0,1), since Au(0,1) = pa(0,1)Auy(1,1)+pp(0,1)Auy(0,2) = pava, %Zl,m) _
pa and E(0,1) = %m-
In battle 1, at (0,0), since Au(0,0) = pa(0,0)Aua(1,0)+pp(0,0)Aus(0,1) = pappva+
QTUQUE(UAJ’_,UB)

PBPAVA = 2DAPBUA, %ﬁl’m) = 2papp and E(0,0) = =025 2paps-
The expected aggregate effort thus equals

TE = E(0,0)
+p4(0,0)E(1,0) + pp(0,0)E(0,1)

+[pa(0, D)pp(0,1) + pa(1,0)ps(1,0)] E(1,1)
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arvvly (va + vp)
(av”y + v)?

2papB

arvhvy (va + vp) arvvy (va + vp)
(av’y +v)? papp (av’y +vp)?

PAPB

arvivl (va + vp)
(av’y + v;)?

2pApB

arvivl (va + vp)
= 6 .
(v T o) P

5.3 Example 1: 3-battle contest with outcome-dependent hetero-
geneity
We solve the game backwards. By Property , at state (ni,ns), the effort in current

battle equals E(ny,ng) = B (va, vg, a(ny, n2),r(n1, n2)) Au(ny, ny). We apply the formula to
compute the effort in each battle at each possible state as follows.

In battle 3, at state (1,1), since
Auy(1,1) = va; Aug(l,1) = vp,
we have Au(1,1) = 1. Hence,
E(1,1)=p5(1,1)Au(1,1) = 8(1,1),

where 6 (17 ]-) = 6 (’UA, UB, OZ(]_, 1)7T(17 1))
In addition, one could verify that p4(1,1) =

r(1,1) L7 (L1

(v (@0 and pB(17 1) -

a(l,l)vTA(l’l)JrvB a(l,l)vTA(l’l)+vTB(1’l) ’

In battle 2, at state (1,0), since

AUA<1, O) = pA(Z, O)AUA<2, 0) +pB(1, 1)AUA(1, 1) = pB(l, 1)UA;

Aup(1,0) = pa(2,0)Aup(2,0) +pp(1,1)Aup(1,1) = ps(1, vz,

r(1,1)

v
where pg(1,1) = a 1)vrﬁ,1)+vr(1,1). Hence,
) A B

E(LO) =p (170) Au<170> =p (170)])3(17 1)7
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v'r(l,l)

where 5 (170) = 5 (UA,UB,C‘J(LO),T’(LO)) and Au(l,O) = pB(la 1) =

a(l,l)vz(l’l)—&-vg(l’l) )

At state (0, 1), we have

AUA(O, 1) = pA<1, 1)AUA(1, 1) +p3(0, 2)A'LLA(O, 2) = pA(l, 1)AUA<1, 1) = pA(l, 1)UA;
Aup(0,1) = pa(l,1)Aup(1,1) + pp(0,2)Aup(0,2) = pa(l, 1)vg;

av’y
T T
av +vp

where pa(1,1) = . Hence,
E<07 1) =p (07 1) Au<07 1) =0 (07 l)pA(17 1)7

where 5 (0,1) and Au(0,1) = pa(1,1).
In battle 1, the state is (0,0), we have

Aug(0,0) = pa(1,0)Aus(1,0) + pp(0,1)Aua(0,1)
= pa(1,0)pp(1,D)vs + pp(0,1)pa(l, 1)va,
which gives
Au(0,0) = Aua(0,0)/va = pa(1,0)ps(1,1) + pp(0,1)pa(1,1).
Hence, the total effort in battle 1 equals

E(0,0) = 3(0,0) Au(0,0).

Therefore, the expected aggregate effort equals
TE = E(0,0)+pa(0,0)E(1,0) + pp(0,0)E(0,1)
+[pa(0,0)p5(1,0) + pr(0,0)pa(0,1)] £(1, 1)
= [pa(1,0)p5(1,1) +p5(0,1)pa(1,1)] 5 (0,0)
+p4(0,0)p5(1,1)3(1,0) + pp(0,0)pa(1,1)3(0,1)

+[pA(07 0)pB(1a O) + pB(0> 0)pA(Oa 1)]6 (17 1) :
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5.4 Example 2: 5-battle contest with homogeneous battles

Consider a 5-battle contest between two teams with pairwise battles. The winner is the

team with marjority wins. By Property , at state (nq,ns), the effort in current battle equals

arviul Auy(ng,ng)

(va +vB)

E(xap + Ny,Ng) = ———————
(@) + z5e)) (71, n2) o o) o

We apply the above formula to solve the contest game backwards.

In battle 5, at (2,2), we have Aua(2,2) = va, which implies that %’;’"2) = 1. By
arvvg(va+vp)
(o’ +07;)?

In battle 4, at (2, 1), we have Aua(2,1) = pa(2,1)Aus(3,1) + pp(2,1)Aug(2,2) = ppva,

applying the formula in Property , E(1,1) =

which implies that %Zlm) = pp. Hence, E(2,1) = pB%, where pg = avgivg'
Likewise, at (1,2), we have Aus(1,2) = pa(1,2)Aua(2,2) + pp(1,2)Aup(1,3) = pava,
which implies that %Z””) = pa. Hence F(1,2) = pA%, where py = avzl:fv%.

In battle 3, at (1,1), Aua(1,1) = pa(l,1)Aua(2,1) + pp(1,1)Aua(l,2) = 2pappva,

which implies that %Z””) = 2papp- Hence, E(1,1) = 2pApB%
A B

At (2,0), Aua(2,0) = pa(2, O)AuA(3 0) + pp(2,0)Aus(2,1) = p%va, which implies that

AuA(nl,nz) 2 arvivs(vatvg)
= p%. Hence, E(2,0) = —(2v3+v T

At (0,2), Aua(0,2) = pa(0,2)Aua(1,2) + pp(0,2)Aus(0,3) = p4va, which implies that

Aup(nimne) 2 arvhvh(va+tvg)
” = p%. Hence, F(0,2) = pA(évaéy~

In battle 2, at (1,0), Aus(1,0) = pa(1,0)Aus(2,0) + pp(1,0)Aus(1,1) = 3papiva,
2 ozrvAvB(vA—i-;}B)
(v +vT)

At (0,1), Aua(0,1) = pa(0,1)Auy(1,1) + pp(0,1)Aua(0,2) = 3p%ppra, which implies

Aua(ng, B (vat
that 2ea(r2) — 325 Hence, B(0, 1) = 3phpp areiatzs),

In battle 1, at (0,0), Aus(0,0) = pa(0,0)Aua(1,0) + pp(0,0)Aus(0,1) = 6p*piva,
which implies that MZI’”) 6p%4p%. Hence, F(0,0) = 6p%p% arvyvp(vatvp)

(av’y +v7)?

AuA(nl na)

which implies that = 3pap%. Hence, E(1,0) = 3pap

Therefore, the expected aggregate effort equals
TE = FE(0,0)

+p4E(2,0) + pLE(0,2) + 2pappE(1,1)
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+3p%ppE(2,1) + 3paphE(1,2)

+6p5p5E(2,2)

o arv vl (va + vp)

= 6p3
PAPB (av’y + vl)?
L322 arvivy (va + vp) | 322 arvy vy (va + vp)
arvhvl (va+vg) 5 o arvhvl (va + vp) 5 o arvvh (V4 + vB)
+p2p2 r r p r r + 4p r r
R A e O R L N CT/RTA
B T r B 7~ P
(av) + vp)? (o’ + vl)?
L6p2 2 arvi vy (va + vp)
AVB (o’ 4 v)?
— 30p%p2 arvivg (va + vp)
AlB (CY 2+UTB)2 )
av’y e
where pa = ey and b = Gy

5.5 Example 2: 5-battle contest with outcome-dependent hetero-

geneity

We solve the game backwards. By Property , at state (ny,ng), the effort in current
battle equals E(ny,ng) = B (va, vg, a(ny, n2),r(ny, n2)) Au(ny, ny). We apply the formula to
compute the effort in each battle at each possible state as follows.

In battle 5, at (2,2), Aua(2,2) = v4 and thus Au(2,2) = %ﬁlmg) = 1. By Property ,
E(2,2) =£(2,2) Au(2,2) = 5 (2,2).

In battle 4, at (2,1), Aua(2,1) = pa(3,1)Aua(3,1)+pp(2,2)Aus(2,2) = pp(2,2)Aua(2,2) =
pB(2,2)va, which implies that F(2,1) = 5 (2,1) Au(2,1) = pp(2,2)5 (2,1), where Au(2,1) =
pe(2,2).

At (1,2), Aua(1,2) = pa(2,2)Auas(2,2) + pp(1,3)Aup(1,3) = pa(2,2)Auas(2,2) =
pa(2,2)va, which implies that £(1,2) = 5 (1,2) Au(1,2) = pa(2,2)5 (1, 2), where Au(1,2) =
pa(2,2).
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In battle 3, at (1,1), Aua(1,1) = pa(2,1)Aus(2,1)+pp(1,2)Aua(1,2) = pa(2,1)pp(2,2)va+
pB(1,2)pa(2,2)v4, which implies that £(1,1) = 5 (1,1) Au(1,1), where Au (1,1) = pa(2,1)Au(2,1)+
pe(1,2)Au(1,2) = pa(2,1)pp(2,2) + pa(1,2)pa(2,2).

At (2,0), Aua(2,0) = pa(3,0)Aua(3,0) + pp(2,1)Aua(2,1) = pp(2,1)ps(2,2)va, which
implies that F(2,0) = 8 (2,0) Au(2,0), where Au(2,0) = pp(2,1)Au(2,1) = pp(2,1)ps(2, 2).

At (0,2), Aua(0,2) = pa(1,2)Aus(1,2) + pp(0,3)Aus(0,3) = pa(l,2)Auas(1,2) =
pa(1,2)pa(2,2)va, which implies that £(0,2) = 4 (0,2) Au(0,2), where Au(0,2) = pa(1,2)Au(1,2) =
pa(1,2)pa(2,2).

In battle 2, at (1,0), player A(2)’s effective prize spread is

AUA<1, 0)
= pa(2,0)Aus(2,0) +pp(1,1)Auu(1,1)

_ pa(2,0)pp(2, Dpp(2,2) + pp(1, Dpa(2,1)ps(2,2) ;
+p5(1, )ps(1,2)pa(2.2) "

which implies that

Au(1,0)

Auy(ng, ng)

VA

= pa(2,0)p5(2,1)pB(2,2) + pa(1,1)pa(2, 1)ps(2,2) + pa(1, 1)pa(1,2)pa(2,2).

Hence,
E(1,0) = £ (1,0) Au(1,0).

At (0,1), player A(2)’s effective prize spread is
AUA(O, 1)
= pa(1,1)Aua(1,1) 4+ pp(0,2)Aua(0,2)

_ | Pa Dpa(2 Dps(2,2) + pall, Dpa(1,2pa(2,2) ||
+pB(072)pA(172)pA(272> ’
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which implies that

Au(0,1)

Auy(ny, no)

VA

= pa(1, 1)pa(2,D)pp(2,2) + pa(l, Dpp(1,2)pa(2,2) + pp(0,2)pa(1,2)pa(2,2).
Hence, the resulting effort is
E(0,1) = 3(0,1) Au(0,1).
In battle 1, at (0,0), player A(1)’s effective prize spread is
Auy(0,0)
= pa(1,0)Aus(1,0) + pp(0, 1)Aun(0,1)

= pa(1,0) [pa(2,0)ps(2,1)p5(2,2) + pr(1,1)pa(2,1)ps(2,2) + pp(1, 1)pa(1,2)pa(2,2)]

+pB(07 1) [pA(la 1)]7,4(2, 1)p3(2> 2) + pA(L 1)p3(17 2)]7A(2, 2) + pB(07 2)pA(17 2)pA(2a 2)] )

which implies that

Au(0,0)

Auy(ng, ng)

VA

= pa(1,0)pa(2,0)p5(2,1)p5(2,2) + pa(1,0)ps(1,1)pa(2, 1)pp(2,2)
+pa(1,0)ps(1, Dpp(1,2)pa(2,2) + pp(0,1)pa(1, 1)pa(2, 1)pp(2,2)
+pB(07 1)pA(1’ 1)]73(17 2)pA(27 2) + pB(O7 1)p3(07 2)pA(17 2)pA(2v 2)'

Aua(ni,ng) _ Aup(ni,ng)

One can also calculate Aug(ng,ny) and easily verify that o -
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Hence, the resulting effort is
TE(0,0) = 5(0,0) Au(0,0).
Therefore, the expected aggregate effort is

TE = TE(0,0)
+p4(0,0)TE(1,0) + pp(0,0)TE(0,1)
+P(2,0)TE(2,0) + P(0,2)TE(0,2) + P(1,1)TE(1,1)
+P(2,1)TE(2,1) + P(1,2)TE(1,2)

+P(2,2)TE(2,2),

where

pa(l, O)pA(Q’ O)pB(27 1)pB(2> 2) + pA(la O)pB(L 1)pA<27 1)]?3(27 2)
TE0,0) =  +pa(1,0)ps(1,1)ps(1,2)pa(2,2) + ps(0,1)pa(1,1)pa(2,1)ps(2,2) 5(0,0);
+p3<07 1)]7,4(17 1)]93(1, 2)]7,4(27 2) + pB(07 1>pB(07 Z)pA(lv 2)]9,4(2, 2)

TE(LO) [ pa(2.0)p5(2, Dps(2,2) + ps(1, 1)pa(2, ps(2,2) B(L0):

+p3(1, 1)])3(1, Z)pA(Z, 2)

TEO.1) - | PA0DPAR Dps(2:2)+ pall Des(1,2pa2:2) | 5o

+p5(0,2)pa(l,2)pa(2,2)

TE(Qa O) = pB(27 l)pB(Qv 2)6 (27 O) )

TE(,2) = pa(1,2)pa(2,2)5(0,2);

TE(1L1) = (pa(2,1)ps(2,2) +ps(1,2)pa(2,2)) 5 (1,1);
TE(2,1) = pp(2,2)8(2,1);

TE(1,2) = pa(2,2)5(1,2);

TE2,2) = B(2,2),
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and P(ni,ny) is the probability of reaching the state (ni,ny) from (0,0). For example,
P(an) - pA(OaO)pA(]-vO)a P(O,Q) = pB(Oﬂo)pB(Oa]-)7 and P(Ll) = pA(an)pB(lao) +
pB(Oa 0)pA(07 1)

5.6 Proof of Lemma [2

By Definition [2, we prove the lemma by discussing three cases as follows.

Case 1: At (k,n2) such that ny < k — 1, by definition,
Auy(k,ng) = Valk+1,n9) — Va(k,ng +1)
= v — [pa(k,ne + 1)va + pp(k,ng + 1)Va(k,ny + 2)]
= pp(k,ng+1)[va — Va(k,ne +2)].
In addition,
pa(k +1,n2)Aua(k +1,n9) + pp(k,ng + 1) Aua(k,ngy + 1)
= pa(k+1,m2) 0+ pp(k,ny+ 1) [Va(k + 1,0 + 1) — Va(k, ns + 2)]

= pp(k,ny+ 1) [vg — Va(k,ng +2)].

Hence, Aua(k,n2) = pa(k + 1,n2 + 1)Aua(k + 1,n2) + pp(k,ne + 1)Aua(k,ny + 1).
Analogously, Aug(k,n2) = pa(k + 1,n2)Aupg(k + 1,n9) + pp(k, no + 1) Aug(k,ny + 1).

Case 2: At (ng, k) such that n; < k — 1, by definition,

Aug(ng, k) = Valng+ 1, k) — Va(ny, k+1)
= [pA(nl + 17 k)VA(nl + 27 k) +pB(n1 + 17 k)VA(nl + 17 k + 1)] —vA

= pA(nl + 1, ]C) [VA(nl + 2, k) — UA] .
In addition,

pa(ny + 1, k) Aua(ng + 1, k) + pp(ng, k + 1)Aua(ng, k+ 1)
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= pA<TL1 + 1, ]{?) [VA<TL1 + 2, k‘) — VA(nl +1, k+ 1)] +pp-0
= pA(nl + 1, ]{?) [VA(nl + 2, k’) — UA] .
Hence, Aug(ny, k) = pa(ny + 1, k)Auas(ng + 1, k) + pp(ni, k + 1)Aug(ng, k + 1). Analo-
gously, Aug(ni, k) =pa(ny + 1,k)Aug(ny + 1,k) + pp(ni, k + 1)Aug(ny, k + 1).
Case 3: At (nq,n2) such that ny,ny < k — 1,
AuA(nl, n2) = VA<H1 + 1, n2) — VA(nl,ng + 1)

pA(m —+ 1,n2>VA(n1 + 2,712) +p3(n1 + 1,n2)VA(n1 +1,n9 + 1)
—pa(ni,ne + 1)Va(ny + 1,n0 + 1) — pp(ny,na + 1)Va(ny, ne + 2)

Va(ni +1,m2 + 1) +pa(ni + 1,ng) (Va(ny +2,n2) — Va(ny + 1,02 + 1))
—Va(ni,ng +2) — pa(ni,ng + 1) (Va(ng + 1,n9 + 1) = Va(ni, ny + 2))

= Aua(ny,ne + 1)+ pa(ny + 1,n9)Aug(ng + 1,n2) — pa(ng, ne + 1)Aua(ng, ng + 1)

= pa(ny 4+ 1,n2)Auys(ng + 1,n2) + pe(ni, na + 1)Aua(ng, ng + 1).
Analogously,

Aug(ny,ng) = Ve(ni,ng +1) = Ve(ni + 1,n9)

pa(ni,ne + 1)Ve(ny + 1,ne + 1) + pp(ny, ng + 1)Vg(ny, ne + 2)
—pa(n1 + 1,n2)Vp(n1 +2,n3) — pp(ny + 1,n2)Ve(ny + 1,n0 + 1)

VB(m + 1,7?,2 + 1) +p3(n1, No -+ 1) (VB(Tll, No -+ 2) — VB(m + 1, N9 + 1))
—Vis(n1 + 2,n2) — pp(n1 + 1,n2) (Va(ny + 1,ne + 1) — Vi(ny + 2,n2))

= AuB(nl + 1,77,2) +p3(n1, N9 + 1)AUB<TL1,77/2 + 1) — pB(nl + 1,n2)AuB(n1 + 1,n2)

= pa(ny + 1,n2)Aug(ny + 1,n2) + pp(ni, ne + 1)Aupg(ng, ng + 1).

In sum, Aua(ni,ne) = pa(ng +1,n2)Aug(ng +1,n2) + pp(ng, ne +1)Aug(ny, ng+ 1) and
Aug(ny,ng) = pa(ng + 1,n9)Aupg(ng + 1,n2) + pg(ni, no + 1)Aug(ng, ns + 1).
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5.7 Proof of Lemma 3

At (k, k), Aua(k, k) = va and Aug(k,k) = vg. The formula holds automatically. We

prove the lemma by mathematical induction.

Case 1: To show the lemma hold for (k,ny) with ny < k — 1, suppose the lemma holds
for ng > t+1, where t < k—1, we want to prove that it holds for ny > ¢, which is equivalent
to proving the formula holds at (k,t).

At (k,t), it follows from Lemma [2| that

Aug(k,t) = palk+1,t)Aua(k +1,t) + pp(k,t + 1)Aua(k,t + 1) = pp(k,t + 1)Aua(k, t + 1);
Aup(k,t) = paup(k+1,t) + ppAug(k,t +1) = pgAup(k,t +1).
Since Aua(k,t +1)/va = Aug(k,t +1)/vp, Aua(k,t)/va = Aup(k,t)/vp holds.

Case 2: For (k,ny) with ny < k — 1, the proof is analogous to Case 1.

Case 3: To establish the lemma for (ny,ns) such that ny,ny < k — 1, suppose the lemma
holds for (ny 4+ 1,m2) and (ny,ne + 1), it suffices to show that the lemma holds for (ny,ns),

which is true, since
Aug(ni,ng) = pa(ng +1,n9)Aua(ny + 1,n9) + pp(ng, ng + 1)Aug(ng, ng + 1);
Aup(ny,n2) = pa(ni + 1,ng)Aupg(ny + 1,n2) + pp(ni, ng + 1)Aug(ng, ng + 1).

using Lemma

5.8 Proof of Proposition

Recall that it follows from (5)) and Property [1] that E(ny,no) = B(va, v, o, 1) Au(ng, ny).
We therefore rewrite (7)) as

TEHomo - Z C:Llll+n2pn1 (1 — p>n2 E(’I’Ll, TLQ)
(nl,nz)ES/E
= Z Crl 0™ (1 —p)™ B(va, vs, a, ) Au(ng, ny).
(n1,m2)
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Step 1: We prove Au(ny,n) = y(ny, ns)pF~™ (1 — p)* " by induction, where ~(ny,n,)
is a coefficient that solely relies on (n,ns). We will determine ~y(ny, 1) in Step 2.

First, it follows from direct calculation that Au(ny, ng) = Aua(k, k) /va = 1 = pF=F (1 — p)* "
Suppose now that the result holds at state (ny +1,ny) and (nq,n2+1), i.e., Au(ng +1,ny) =
y(ny + 1,ng)pF =1 (1 — p)* ™ and Au(ny,ng + 1) = y(n1,ne + 1)pF™ (1 —p)" ™7 it

)kfng

remains to show that Au(ny, ny) = y(ny, ng)p* ™ (1 —p , which holds since

Au(ng,ns)
= pAu(ny + 1,n9) + (1 — p)Au(ny, ny + 1)
= y(na+1,n)p" " (1= p)* " 4 y(ng,ng + 1)pF" (1 — p)* =™
= [y(n1+ 1,m9) +(na,ma + 1)) pF" (1= p)*

= y(n1,np)pF ™ (1 —p)* "

b

where y(ni,ng) := y(ny + 1,n2) + v(ng, ng + 1).
Step 2: For any t € {1,2, ..., 2k}, we show that )

induction.

ni+ng=t Cgll+n2'7(n17 n?) - ng holds by
First, it holds at (k, k) clearly, as C,~v(k, k) = C%,. Suppose Z(n1+n2):t+1 (g, mg) =

C%, holds, we want to prove > (mytng)=t Cmigmy Y (M1, M2) = C¥%, . For that, we consider

> omy,y(ng, )

(n1+n2)=t

= Z Chl i, [y(nn + 1,ng) + y(ny,n2 + 1)

(n1 +TL2) t

B Z Ol ema 17 (m;m2) + Z Coting—17(n1,n2)

(n1+n2)=t+1 (n1+n2)=t+1

n1 n1 na n1
= E n+n Onl—}—ng/}/(nl? nQ) + § ni+n Onl—o—nng(nla 712)
(n1+ng2)=t+1 1 2 (n1+n2)=t+1 1 2

= Z Cnl-f—ngf)/(nl? n2)

(n1 +n2):t+1

_ ik
— C2k-
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With the results in Steps 1 and 2,

TEHomo = Z 1+n2p - p)n2 B(UAy U, &, T)Au(nh n?)
(n1,m2)
- Z 1+n27 nl>n2)B(UA>/UB7Oé7T)pk (1 _p)k
(n1,m2)

- Z Z Cgfﬂm nl?”Q)B(UA,UB,Oé,T)pk (1—p)k

t=1 ni1+no=t

2k

= ZCSkB(UA/UB?a)T)pk (1 _p)k

t=1

= (2k+1)Chp" (1 p)kﬁ(vA,vB,oz,r).

5.9 Proof of Proposition

By Property [1} the expected total effort equals

TEpeter = Z P(ny,n9)E(nq, ns)
(n1,m2)€ES/E

= > S Plg) | Bnine)Aulng, ),

(n1,m2)€S/E \ geG((0,0),(n1,n2))

where P(n1,n2) = 3~ cc((0.0),(n1,n2)) L(9) 18 the probability that the state (n1,n2) is reached.

It then remains to show that

Au(ny,ng) = Z ]3(9)

gEG((nl,ng),(k,k))

We prove the above equation by induction. For (nj,n2) = (k — 1,k), on one hand, it
follows from (L1)) that Au(k —1,k) = P((k—1,k), (k, k)) = pa(k, k). On the other hand, by

direct calculation or (3), we have

Au(k —1,k) = Aua(k—1,k)/va
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= (UA(k,k)—UA(k—l,k‘—f—l))/UA
= (pA(kvk)uA(k+1>k) +pB(k7k)uA(k>k+1)) /'UA
= pA(kak)a

which means holds for state (k — 1, k).
Analogously, for (ni,ns) = (k, k — 1), by direct calculation or (3)), we have

Au(k,k—1) = Aua(k,k—1)/va
= (ualk+1,k—1) —ua(k,k)) Jva
= (va—palk,k)ua(k+ 1,k) +pp(k,k)ua(k,k+1)) /v
= pa(k k),

which coincides with the expression derived from .
Suppose that the formula holds for (n; + 1,n9) and (nq,ns + 1), i.e., Au(ng + 1,n9) =

~

D geC(mtn). ey £ (9) and Au(ni,na + 1) = 32 oy mot1). ek £(9) hold. By applying
@, we have

Au(ng,ns)

= pa(ny + 1,n2)Au(ng + 1,n2) + pp(ny, ne + 1)Au(ng, ns + 1)

= pa(ni +1,n9) Z P(g) + ps(n1,na + 1) Z P(g)
gGG(('rL1+1,n2),(k,k)) gEG((n1:n2+1)v(k7k))
= B mtLm) Y P+ ) S Plg)
9€G((n1+1,n2),(k,k)) g€G((n1,n2+1),(k,k))

= > Ply)

gEG((nl,nz),(k‘,k))

using Definition [3| In other words, holds for any (n,ns) € S/E.
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5.10 Proof of Corollary

TEHete,k = Z P(Q) Z ﬁ(g) B(nbn?)
(n1,m2)€S/E \ g€G((0,0),(n1,n2)) geG((n1,n2),(k,k))
= > X >, Pl >, Pl)s
te{l,...,2k+1} nitn2=t \ geG((0,0),(n1,n2)) g€G((n1,n2),(k,k))

When o and r are invariant across the states, > c q(my n) k1) £(9) = 2 ge(ming). k) £(9);
since the winning probability p := pa(ni, ng) does not depend on the state. As a result, for a

state (ny,nq) € S/FE, (deG((070)7(n17n2)) P(g)) <deG’((n1,n2),(k,k)) P(g)) equals the probabil-
ity of a particular path that connects (0,0) and (k, k) and crosses state (ni,ng). Therefore,

for any given te {17 ) 2k + 1}? Zn1+n2:t (ZgEG((0,0),(nl,nz)) P(g)> (deG((nl,nz),(k,k)) P<g))
equals the probability of a path connecting (0,0) and (k, k), which implies that

) >, Pl >. P
ni+n2=t \ geG((0,0),(n1,n2)) g€G((n1,n2),(k,k))
= > >, Pl >. P
ni+na=t \ geG((0,0),(n1,n2)) g€G((n1,n2),(k,k))

= > Pl

9€G((0,0),(kK))

= Chpf(1—p)".

By direct substitution, we have

TEHete,k: = Z CQkp( p)kﬁ
te{l,... 2k+1}

= (2k+1)Cp"(1 —p)*B.
- TEHomo,k'
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5.11 Proof of Lemma [5

The total effort function in (10)) can be rewritten as

TEHete,k = Z Z P(g) Z ﬁ(g) 5(%1,722)

(n1,m2)€S/E \ g€G((0,0),(n1,n2)) g€G((n1,n2),(k,k))
= > X >, P S Plo) | Blnany).
te{0,...,2k} ni+na=t \ g€G((0,0),(n1,n2)) g€G((n1,n2),(k,k))

Depending on the state (ni,ns), pa(n},ny) may affect the probability of a path and

~

players’ incentive along a path, i.e., > c((0.0).(n1m2)) £(9) A0 D (). i) £(9)- Recall
that, by [8| p((n}, ny), (n} +1,n5)) = pa(ni,nj), p((ny,ny), (ny, ny+1)) = pp(ny, ny), (0} —
1,m3), (nh,n5)) = pa(ny, ny), and p((ny, ny — 1), (04, n5)) = pp(ny, ns).

To proceed, we first rewrite the expected aggregate effort as

TEHete,k
= > > P(g) Y. Pl B,m)
te{0,...,2k} ni+na=t g€G((0,0),(n1,n2)) g€G((n1,n2),(k,k))

(n1,m2)€ES/E

te{o """ t,} (n?,l’rj;)lé?;E gEG((0,0),(TLl,TLg)) geG((nler):(k’k))

+ > P(g) S P) | Blni,na),

te{t'+1,..., Qk}(nrll,lr;;?éng 9€G((0,0),(n1,n2)) 9€G((n1,n2),(k.k))

where

> Pl

gEG((0,0),(nl,nz))
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(dec:((o,ox(na,n;)) P (9)> (deG«nam;),(m,ng)) P (9)>
20 =y <dec<<o,o>,<nacng>> P (9)> (deaunazng),(m,nz)) P (9)>

(nf,ny)#(nq,n5)
p pA(nllv n,2) ZgEG((n’1+1,n’2)7(n17n2)) P(g)
2gecqoonoapn PO |

1 —pa(ni,ny)) ZgEG((n’l,n’2+1),(n1,n2)) P(g)
Y i (Scaooming PO) (S oy PO)

" 1" / / 1 7n2
(n1 )Tl )#("17"2)

which means that Y 0.0),(n1.n0)) £(9) 1S @ linear function of p4(ny, ny) for any (n1,n») and
the coefficient of pa(ny,n5) in 3 (0.0, (m1ne)) £(9) €quals

>, Py > P(g) — > P(g)

9€G((0,0),(nf,n5)) 9€G((n1+1,n3),(n1,n2)) 9€G((ny,m5+1),(n1,n2))

Since pa(nf, n}) would only affect the probabilities of the paths after battle t' = n)+n)+1,
its effect on the expected aggregate effort through affecting the probability of paths can be

summarized by

= > > > Ply) < 2 gy +1m5).(m.n2) £ (9) )

te{t'+1,...,2k} (nrfl;gq)lng g€G((0,0),(nf 1)) _deG((n’pn/ﬁl),(m,nz)) P(g)

S Plg)| Bniny)

9€G((n1,n2),(k,k))

= Y 3 S P ( 2 ge(( 1) ma)) L(9) )

te{t'+1,...,2k} (nrlug)zng g€G((0,0),(nf 1)) _deG((n’pnéH),(m,nz))P(9>

‘Au(ng, ng)B(nq, na),

Analogously, to determine how p4(n, n}) affects the incentives, i.e., P(g), we rewrite

TEHete,k
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= > > P(g) > P(g) | B(n1,no)

te{0,...,2k} (n?lv—z’—;)léS/E 9€G((0,0),(n1,n2)) g€G((n1,n2),(k,k))

- > > P(g) > P(g) | B(n1,n2)

te{0,...,t'—1} nit+n2= 9€G((0,0),(n1,n2)) g€G((n1,n2),(k,k))
(n1, nz)GS/

D DD P(g) S Ply) | Blniina),

te{t',...,.2k} (n?};g?)léS/ g€G((0,0),(n1,n2)) 9€G((n1,n2),(k,k))

where

> Py
gEG((n17n2)7(krk))
296 (1 ma), (i ) £ (9) (dec:((navng),(k,k)) P <9))
T2 =t 2 gec((mma) iy £9) (Egec;((nacn;f) kip (9)>

(n1 :"2 )5&(”1 ,n2)

deG((nl,m),(ng_l,n;)) P(g)P((ny — 1,n5), (n},ny)) <deG((n1,n2) (k,k)) P(g ))
= +dec((n1,n2),(n;,ngf1)) P(Q)P((np% — 1), (n3,n5)) (ZgGG((nl,nQ) P
T2 =t 2gec(nma) ) (9 (dec:((na',ng) k) )

(ny ,n’z’ )#(n’l m3)

)

dec((m,nz),(ngq,ng)) P(g)ps(ny,ny) (deG((n’l,né),(k,k))P(g)>
= +Zg€G((n1,n2),(n’l,n’271)) P(g)pa(ny, ny) (deG((n’l,n/Q),(k,k)) P(ﬂ))

20 =t DgeG((numna) gy £(9) (ZgEG((n’l’ nl)), (k,k)) (9))
("1 7"2)#( 17”2)
)

)

which means that 3 n9). (k1)) P(g) is a linear function of py(n}, n}) for any (ny,n,) and

ey

sy

ZgEG((nl,nQ),(nllfl,n’Q)) P(g) (1 — pa(ni, ny)) (dec((nl,%) (k,k)) (9
= 2 gei(mma) g 1)) P ()P0, ) <ZQGG((’"/17"2 (e P9 )
+ Z nY +nf=t' ZgGG((nl,ng) (nf %)) P(g> (ZgéG((n’l’,né’) (k,k g

2
(ny ;) #(ny,ny)
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the coefficient of pa(n,n5) I 37 co((nrma). (k) ﬁ(g) equals

- Y P9+ Y P >, P

9€G((n1,n2),(n},nh—1)) 9€G((n1,n2),(n]—1,n})) 9g€G((n},nh),(k,k))

Since pa(n),n}) would only affect the incentives, i.e., P(g) before battle ¢’ — 1 = n, +nl,
its effect on the expected aggregate effort through affecting the players’ incentive along the

paths can be summarized by

=Y ¥ > Pl

te{0,...,t'—1 ni+n2=t gGG((0,0),(nl,ng))
{ }(nl,ng)ES/E

( ettt 1) ]9)) > P | s

o deG((ﬂhM%(”ﬁ’"'z*l)) ge€G((n)y,nh),(k,k))

= ) > P(g)

te{0,...,t'—1} ni+na2=t €G((0,0),(n1,n
{ }(n17n2)€S/E 9€G((0,0),(n1,n2))

( deG((nwz),(n’l—l,n’z)) ]ég) )Au(nﬁané)ﬁ(m,nz),
_ZgGG((n1,n2),(n’l,n’2—1)) (9)

Combining the results above, we conclude that the coefficient of pa(n), n}) in TEgex
is I +11.

5.12 Example 1 (Continue)

Consider a best-of-three team contest with outcome-dependent heterogeneity. It follows
from Lemma [5| that the coefficient of pa(n},ny) in TEge. is ¢(a/a(n], nf)). To apply the
formula to compute ¢(a/a(0,0)), let (n,ny) = (0,0), we have

I = P((0,0),(0,0)) [P((1,0),(1,0)) = P((0,1), (1,0))] P((1,0), (1,1))5(1,0)
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+P((0,0), (0,0)) [P((1,0), (0,1)) = P((0,1),(0,1))] P((0,1), (1,1))5(0,1)

+P((0,0), (0,0)) [P((1,0), (1,1)) = P((0,1), (1, 1))] P((1,1), (1,1))(1,1)
= 1-[1-0]pp(1,1)B8(1,0) +1-[0 — 1] pa(1,1)5(0,1)

+1-[ps(1,0) = pa(0,1)] - 1 5(1,1)

= pp(1,1)B(1,0) — pa(1,1)5(0,1) + (p5(1,0) — pa(0,1)) B(1, 1),
and 1 = 0. Hence, the coefficient of p4(0,0) in T Eyere -1 is
Qp(a/a(O? 0)) =1 + Il = pB(l) 1)5(17 0) _pA(17 1)6(07 1) + (pB<17 0) - pA(O’ 1)) B(L 1)'

Recall that T' Epee k=1 can be decomposed into ¢(a/a(0,0))p4(0,0)+w(e/a(0,0))5 (0,0)
and other terms that are independent of (0, 0), where w(at/a(0,0)) = >_ cc0.0),(1.1)) P(g) =
pA(L O)pB<1a 1) +pB(0> 1)pA<1a 1)

In Example [2, we show that

TEHete,k:l(ay I') = [pA(L 0)173(17 1) + pB<07 1)pA(17 1)] 6 (07 O)
+pa(0,0)p5(1,1)5(1,0) + p5(0,0)pa(1,1)53(0,1)

+[pA(07 0)pB(17 0) + pB(()? 0)p,4(0, 1)]6 <1a 1) :
By rearrangement, we have

pa(1,1)5(1,0) = pa(1,1)5(0,1)
+(ps(1,0) = pa(0,1)) 5(1,1)

+pA(17 1)6 (07 1) _'_pA(O? 1)]6 (17 1)

TEHete,k:I(a7r) = pA(070>

+ [pA(17 0)pB(17 1) +pB(O7 1)pA(17 1)] 6 (07 0) )

llSng pB(07 0) =1- pA(07 0)
By direct comparison, the two approaches yield the same ¢(a/(0,0)). Analogously, one
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can check that

Qp(a/a(L 0)) = pB(la 1)6 <Oa O) - pA(07 0)5 (17 1) )
Sp(a/a(oﬂ 1)) = _pA(lv 1)6 (O’ O) +pB(0> 0)5 (L 1) ;

@(a/a(lﬂ 1)) = [_pA(la 0) + pB(O> 1)] B (Oa O) — pa(0, O)B (17 O) + pB(O> O)B <O7 1) :

using the two approaches.

5.13 Example 2 (Continue)

For a best-of-five team contest with outcome-dependent heterogeneity, we consider two
approaches to derive p(a/a(1,2)). The first approach relies on Lemma 5] The second one

relies on the direct calculation using the expected aggregate effort derived in Example

In the first approach, we apply the formula in Lemma [5| to compute ¢(a/a(1,2)). Let
(nf,nb) = (1,2), direct substitution yields

I = P((0,0),(1,2) [P((2,2),(2,2)) - P((1,3),(2,2))] P((2,2), (2,2))5(2,2)
= P(1,2)5(2,2).
and
I = (p5(0,1)p5(0,2) — pa(1,0)p5(1,1) — pr(0,1)pa(1, 1)) pa(2, 2)5(0,0)
—P(1,0)p5(1,1)pa(2,2)5(1,0)
+P(0,1) (p5(0,2) — pa(1,1)) pa(2,2)5(0,1)
+P(0,2)pa(2,2)5(0,2) — P(1,1)pa(2,2)8(1, 1),

using P(ni,ns) = P((0,0), (n1,n2)). By Lemma [5, p(e/a(1,2)) = I + II. Moreover,
TEpetep—2(a,r) = p(a/a(1,2))pa(l,2)+w(a/a(1,2))5(1, 2), where w(a/a(1,2)) := P(1,2)pa(2, 2).

For the second approach, we rewrite the expected aggregate effort in Example [2] as

TEHete,k:2 (a7 I')

64



(=pa(1,0)p5(1,1) — pp(0,1)pa(1,1) + p5(0,1)ps(0,2)) pa(2,2)5(0,0)
—pa(0,0)p5(1,1)pa(2,2)8 (1,0)
= +p5(0,0) (—pa(1,1) + pp(0,2)) pa(2,2)5 (0, 1) pa(l,2)
+P(0>2)p14(272) ( ) (1 1>pA<2>2)5 (17 1)
+P(1,2)5(2,2)

+P<17 2)pA(27 2)6 (17 2)
+T(a/a(1,2)),

llSiIlg pB(la 2) = 1_pA(27 2) and P(za 2) = P(L 2)pA<1a 2)+P(27 1)p3(27 1)7 and T(a/a(l, 2))
denotes terms that do not involve (1, 2). By direct comparison, the two approaches generate
the same result.

References

M. Arbatskaya and H. Konishi. Dynamic team contests with complementary efforts. Available
at SSRN 3837688, 2021.

K. H. Baik, I.-G. Kim, and S. Na. Bidding for a group-specific public-good prize. Journal
of Public Economics, 82(3):415-429, 2001.

S. Barbieri and M. Serena. Winners’ efforts in multi-battle team contests. Working Paper,
2019.

S. Barbieri and M. Serena. Biasing dynamic contests between ex-ante symmetric players.
Games and Economic Behavior, 136:1-30, 2022.

S. Barbieri, D. A. Malueg, and 1. Topolyan. The best-shot all-pay (group) auction with
complete information. Economic Theory, 57:603—640, 2014.

C. Bevid and L. C. Corchén. Endogenous strength in conflicts. International Journal of
Industrial Organization, 31(3):297-306, 2013.

S. M. Chowdhury, D. Lee, and I. Topolyan. The max-min group contest: Weakest-link
(group) all-pay auction. Southern Economic Journal, 83(1):105-125, 2016.

D. J. Clark and T. Nilssen. Creating balance in dynamic competitions. International Journal
of Industrial Organization, 69:102578, 2020.

65



D. J. Clark and C. Riis. Allocation efficiency in a competitive bribery game. Journal of
Economic Behavior & Organization, 42(1):109-124, 2000.

D. J. Clark, T. Nilssen, and J. Y. Sand. Motivating over time: Dynamic win effects in

sequential contests. Memorandum, University of Oslo, 2012.

B. S. Crutzen, S. Flamand, and N. Sahuguet. A model of a team contest, with an application
to incentives under list proportional representation. Journal of Public Economics, 182:
104109, 2020.

M. Cubel and S. Sanchez-Pages. Difference-form group contests. Review of Economic Design,
pages 1-32, 2022.

S. Deng, Q. Fu, and Z. Wu. Optimally biased tullock contests. Journal of Mathematical
Economics, 92:10-21, 2021.

M. Drugov and D. Ryvkin. Biased contests for symmetric players. Games and Economic
Behavior, 103:116-144, 2017.

F. Ederer. Feedback and motivation in dynamic tournaments. Journal of Economics €&
Management Strategy, 19(3):733-769, 2010.

K. Eliaz and Q. Wu. A simple model of competition between teams. Journal of Economic
Theory, 176:372-392, 2018.

P. Esteve-Gonzélez. Moral hazard in repeated procurement of services. International Journal
of Industrial Organization, 48:244-269, 2016.

X. Feng and J. Lu. How to split the pie: optimal rewards in dynamic multi-battle competi-
tions. Journal of Public Economics, 160:82-95, 2018.

X. Feng, Q. Jiao, Z. Kuang, and J. Lu. Optimal prize design in team contests. Working
Paper, 2023.

C. Ferrall and J. A. A. Smith. A sequential game model of sports championship series:
theory and estimation. Review of Economics and Statistics, 81(4):704-719, 1999.

J. Franke, C. Kanzow, W. Leininger, and A. Schwartz. Effort maximization in asymmetric

contest games with heterogeneous contestants. FEconomic Theory, 52(2):589-630, 2013.

66



J. Franke, C. Kanzow, W. Leininger, and A. Schwartz. Lottery versus all-pay auction con-

tests: A revenue dominance theorem. Games and Economic Behavior, 83:116-126, 2014.

J. Franke, W. Leininger, and C. Wasser. Optimal favoritism in all-pay auctions and lottery

contests. Furopean Economic Review, 104:22-37, 2018.

Q. Fu and J. Lu. On equilibrium player ordering in dynamic team contests. FEconomic
Inquiry, 58(4):1830-1844, 2020.

Q. Fu and Z. Wu. On the optimal design of biased contests. Theoretical Economics, 15(4):
1435-1470, 2020.

Q. Fu and Z. Wu. Disclosure and favoritism in sequential elimination contests. American
Economic Journal: Microeconomics, 14(4):78-121, 2022.

Q. Fu, J. Lu, and Y. Pan. Team contests with multiple pairwise battles. American Economic
Review, 105(7):2120-40, 2015.

R. Gauriot and L. Page. Does success breed success? a quasi-experiment on strategic
momentum in dynamic contests. The Economic Journal, 129(624):3107-3136, 2019.

A. Gelder. From custer to thermopylae: Last stand behavior in multi-stage contests. Games
and Economic Behavior, 87:442—-466, 2014.

A. Gelder and D. Kovenock. Dynamic behavior and player types in majoritarian multi-battle
contests. Games and Economic Behavior, 104:444-455, 2017.

S. Héfner. A tug-of-war team contest. Games and Economic Behavior, 104:372-391, 2017.

C. Harris and J. Vickers. Racing with uncertainty. The Review of Economic Studies, 54(1):
1-21, 1987.

X. Jiang. Relative performance prizes and dynamic incentives in best-of-n contests. Review
of Industrial Organization, 53(3):563-590, 2018.

R. Kirkegaard. Favoritism in asymmetric contests: Head starts and handicaps. Games and
Economic Behavior, 76(1):226-248, 2012.

A. H. Klein and A. Schmutzler. Optimal effort incentives in dynamic tournaments. Games
and Economic Behavior, 103:199-224, 2017.

67



T. Klumpp and K. A. Konrad. Sequential majoritarian blotto games. 2018.

T. Klumpp and M. K. Polborn. Primaries and the new hampshire effect. Journal of Public
Economics, 90(6-7):1073-1114, 2006.

T. Klumpp, K. A. Konrad, and A. Solomon. The dynamics of majoritarian blotto games.
Games and Economic Behavior, 117:402-419, 2019.

K. A. Konrad. Investment in the absence of property rights; the role of incumbency advan-
tages. Furopean Economic Review, 46(8):1521-1537, 2002.

K. A. Konrad and D. Kovenock. Multi-battle contests. Games and Economic Behavior, 66
(1):256-274, 2009.

S. Li and J. Yu. Contests with endogenous discrimination. Economics Letters, 117(3):
834-836, 2012.

D. A. Malueg and A. J. Yates. Testing contest theory: evidence from best-of-three tennis
matches. The Review of Economics and Statistics, 92(3):689-692, 2010.

T. A. McFall, C. R. Knoeber, and W. N. Thurman. Contests, grand prizes, and the hot
hand. Journal of Sports Economics, 10(3):236-255, 2009.

M. A. Meyer. Learning from coarse information: Biased contests and career profiles. The
Review of Economic Studies, 58(1):15-41, 1991.

M. A. Meyer. Biased contests and moral hazard: Implications for career profiles. Annales
d’Economie et de Statistique, pages 165-187, 1992.

M. Mboller. Incentives versus competitive balance. Economics Letters, 117(2):505-508, 2012.

R. Ridlon and J. Shin. Favoring the winner or loser in repeated contests. Marketing Science,
32(5):768-785, 2013.

A. Sela. Best-of-three all-pay auctions. Economics Letters, 112(1):67-70, 2011.

A. Sela and O. Tsahi. On the optimal allocation of prizes in best-of-three all-pay auctions.
Social Choice and Welfare, 55:255-273, 2020.

R. Siegel. All-pay contests. Econometrica, 77(1):71-92, 2009.

68



R. Siegel. Asymmetric contests with head starts and nonmonotonic costs. American Eco-
nomic Journal: Microeconomics, 6(3):59-105, 2014.

J. M. Snyder. Election goals and the allocation of campaign resources. Fconometrica: Journal
of the Econometric Society, pages 637—660, 1989.

I. Topolyan. Rent-seeking for a public good with additive contributions. Social Choice and
Welfare, 42(2):465-476, 2014.

69



	Introduction
	Model
	Analysis
	General Analysis for 2k+1 Battles
	Homogeneous Case
	Heterogeneous Case
	General Program
	Simplification and Properties of Optimal Biases
	Examples


	Concluding Remarks
	Proof of Property ??
	Example 1: 3-battle contest with homogeneous battles
	Example 1: 3-battle contest with outcome-dependent heterogeneity
	Example 2: 5-battle contest with homogeneous battles
	Example 2: 5-battle contest with outcome-dependent heterogeneity
	Proof of Lemma ??
	Proof of Lemma ??
	Proof of Proposition ??
	Proof of Proposition ??
	Proof of Corollary ??
	Proof of Lemma ??
	Example 1 (Continue)
	Example 2 (Continue)


